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PREFACE. 



The present Treatise is a reproduction, with considerable 
alterations and additions, of the first part of a treatise on 
Hydrostatics and Hydrokinetics, the third edition of which 
was published in 1877. 

I have thought it advisable, for the convenience of 
students, and for other reasons, to issue the. part on the 
Equilibrium of Fluids in a separate volume, at any rate for 
the present, and to reserve the discussion of the Motion of 
Fluids for another volume. 

This I hope, if time and health permit, to have ready 
early next year. 

The instalment of Hydrostatics, which I now ofifer to the 
student, is intended to cover the ground ranged over, so far 
as the subject is concerned, in the Examination in Schedule II. 
for the Mathematical Tripos, and to serve as a stepping-stone 
in the advance to the higher regions of Hydrokinetics, and 
its applications to the theory of sound, and the oscillations of 
i liquid waves. 



VI PREFACE. 

A more careful discussion of Curves of Buoyancy, the 
extension of the chapter on Tension, the addition of a chapter 
on Capillarity, and the insertion of some fresh examples, 
taken from recent examination papers, with other alterations 
and additions, will, I hope, render the present edition inte- 
resting and useful to mathematical students. 

W. H. BESANT. 

October 28, 1882. 
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HYDEOSTATICS. 



CHAPTER I. 

1. We learn from common experience that such sub- 
stances as air and water are characterised by the ease with 
which portions of their mass can be removed, and by their 
extreme divisibility. These properties are illustrated by 
various common facts ; if, for instance, we consider the ease 
with which fluids can be made to permeate each other, the 
extreme tenuity to which one fluid can be reduced by mixture 
with a large portion of another fluid, the rarefaction of air 
which can be effected by means of an air-pump, and other facts 
of a similar kind, it is clear that, practically, the divisibility 
of fluid is unlimited : we find, moreover, that in separating 
portions of fluids from each other, the resistance offered to 
the division is very slight, and in general almost inappre- 
ciable. By a generalization from such observations, the 
conception naturally arises of a substance possessing in the 
highest degree these properties, which exist, in a greater or 
less degree, in every fluid with which we are acquainted, and 
hence we are led to the following 

Defimtion of a Perfect Fluid. 

2. A perfect fluid is an aggregation of particles which 
yield at once to ihe slightest effort made to separate them from 
ea^ih otiier. 

If then an indefinitely thin plane be made to divide such 
a fluid in any direction, no resistance will be offered to the 
division, and the pressure exerted by the fluid on the plane 

B. H. 1 



2 DEFINITION OF A FLUID. 

will be entirely normal to it; that is, a perfect fluid is 
assumed to have no " viscosity," no property of the nature of 
friction. 

The following fundamental property of a fluid is there- 
fore obtained from the above definition. 

The pressure of a perfect fluid is always normal to any 
surface with which it is in contaxst. 

As a matter of fact, all fluids do more or less offer a 
resistance to separation or division, but, just as the idea of a 
rigid body is obtained from the observation of bodies in 
nature which only change form slightly on the application of 
gi'eat force, so is the idea of a perfect fluid obtained from our 
experiences of substances which possess the characteristics of 
extremely easy separability and apparently unlimited divisi- 
bility. 

The following definition will include fluids of all degrees 
of viscosity. 

A fluid is an aggregation of particles which yield to the 
slightest effort made to separate them from each other, if it be 
continued long enough. 

Hence it follows that, in a viscous fluid at rest, there can 
be no tangential action, or shearing stress, and therefore, as 
in the case of a perfect fluid. 

The pressure of a fluid at rest is always normal to any 
surface with which it is in contact. 

Thus all propositions in Hydrostatics are true for all 
fluids whatever be the viscosity. 

It is in Hydrodynamics that we are limited to the consi- 
deration of perfect fluids. 

3. Fluids are divided into Liquids and Gases; the former, 
such as water and mercury, are not sensibly compressible, ex- 
cept under very great pressures ; the latter are easily com- 
pressible, and expand freely if permitted to do so. 

Hence the former are sometimes called inelastic, and the 
latter elastic fluids. 



DEFINITION OF A FLUID. 3 

4. Fluids are acted upon by the force of gravity in the 
same way as solids; with regard to liquids this is obvious; 
and that air has weight can be shewn directly by weighing a 
closed vessel, exhausted as far as possible: moreover, the phe- 
nomena of the tides shew that fluids are subject to the 
attractive forces of the sun and moon as well as of the eartji, 
and it is assumed, from these and other similar facts, that 
fluids of all kinds are subject to the law of gravitation, that 
is, that they attract; and are attracted by, all other portions 
of matter, in accordance with that law. 



Measure of the Pressure of Fluids. 

5. Consider a mass of fluid at rest under the action of 

any forces, and let A be the area of a plane surface exposed 

to the action of the fluid, that is, in contact with it, and P 

the force which is required to counterbalance the action of the 

fluid upon A. If the action of the fluid upon A be uniform, 

p 
then -J is the pressure on each unit of the area A. If the 

pressure be not uniform, it must be considered as varying 
continuously from, point to point of the area A, and if -ct be 
the force on a small portion a of the area about a given point. 



m 

then 

I 



then — will approximately express the rate of pressure over a. 



a 



' 



"or 



When a is indefinitely diminished let— ultimately = p, then 

p is defined to be the measure of the pressure at the point 
considered, p being the force which would be exerted on an 
unit of area, if the rate of pressure over the unit were uni- 
form and the same as at the point considered. 

The force upon any small area a about a point, the 
pressure at which is p, is therefore jpa + 7, where 7 vanishes 
ultimately in comparison with poL when a (and consequently 
pa) vanishes. 

6. The pressure at any point of a fluid at rest is the same 
in every direction. 

This is the most important of the characteristic properties 

1—2 



4 MEASURE OF THE PRESSURE OF FLUIDS. 

of a fluid ; it can be deduced from the fundamental property 
of a fluid in the following manner : 

If we consider the equilibrium of a small tetrahedron of 
fluid, we observe that the pressures on' its faces, and the im- 
pressed force on its mass, form a system of equilibrating 
forces. 

The former forces depending on the areas of the faces 
vary as the square, and the latter depending on the volume 
and density varies as the cube of one of the edges of the 
solid, which is considered to be homogeneous, and therefore 
supposing the solid indefinitely diminished, while it retains 
always a similar form, the latter force vanishes in comparison 
with the pressures on the faces ; and these pressures con- 
sequently form of themselves a system of forces in equi- 
librium. 

Let p, p' be the rates of pressure on the faces ABC, BCD, 
and resolve the forces parallel to the edge 
AD ; then, since the projections of the 
areas ABC, BCD on a plane perpendi- y/ 

cular to AD are the same (each equal to y^ 
a suppose), we have ultimately, ^ ^$~" — 

pa =^p'a, ^ 

or p =p\ 

And similarly it may be shewn that the pressures on the other 
two faces are each equal to jp or p. 

As the tetrahedron may be taken with its faces in any 
direction, it follows that the pressure at a point is the same 
in every direction. 

7. The following proof of the foregoing propositio!n is 
taken from Cauchy's Exerdces*. 

Let P and Q be two points in a fluid at a finite distance 
from each other ; about PQ as axis describe a cylinder of 
very small radius, draw a plane through Q perpendicular to 
QPy draw any plane through P, and consider the equili- 
brium of the mass PQ. 

* Seconde AnniCf 1827, p. 23. 



MEASURE OF THE PRESSURE OF FLUIDS. 5 

The pressures on its ends and on its curved surface, and 
the impressed forces which act upon it, form a system of 
balancing forces. 

Tietp, p' he the pressures at Q and P, a the area of the 

section Q of the cylinder, and 

a of the section P ; then the Q T* J /yp 

pressure p'a' on the end P, "^ 

resolved parallel to the axis of the cylinder, is equal to p'a, 
and therefore 

p'a—pa = the impressed force, resolved parallel to QP. 

Now whatever be the direction of the plane through P, 
this impressed force, when the radius of the cylinder is in- 
definitely diminished, is ultimately equal to the impressed 
force on the portion QP of the cylinder cut off by a plane 
through P perpendicular to the axis *, that is, to 

PQ 

fpadx, 



where mf is the force on a particle m of the fluid at a dis 
tance x from Q. Hence 

fPQ 
i>'=i>+ pfdx, 

J 

or p is constant for all positions of the plane through P. 

* The following considerations may complete this part of the proof : 

Let AB, A'B' be the two 
planes through P ; pp' the mean 



/: 



densities of APA\ BPB'\ and /^T" 
/, /' the accelerations of the ^ I ' ) 
friTAea which are actinsr on these >■ / ' 




forces which are acting on these 
portions of fluid. 

Then the difference of the forces on QAB and Q^-'B' (the volumes of 
which are equal) ^ 

=the difference of the forces on APA' and BPB' 

={pT-pf).yrol.APA' 

= d{pf).^^aAA\ 

/QP 2 

pfdx + ^ A A' . b (pf). 

The forces being continuous, the last term is obviously evanescent com- 
pared with the other quantities in the equation, and p' is therefore constant. 



6 TRANSMISSION OF FLUID PRESSURE. 

Transmission of Fluid Pressure. 

8. Any pressure, or additional pressure, applied to the 
surfax^e or to amy other part of a liquid at rest, is transmitted 
equally to all parts of the liquid, ^ 

This property of liquids is a direct result of experiment, 
and, as such, is sometimes assumed. It is however deducible 
from the definition of a fluid. 

Let P be a point in the surface of a liquid at rest, and Q 
any other point in the liquid ; about the straight line PQ 
describe a cylinder, of very small radius, bounded by the 
surface at P and by a plane through Q, perpendicular to QP. 

If the pressure at P be increased by p, the additional 
force on the cylinder, resolved in the direction of its axis, is 
pa, a being the area of the section of the cylinder perpen- 
dicular to its axis, and this must be counteracted by an equal 
force »a at Q in the direction QP, since the pressure of the 
liquid on the curved surface is perpendicular to the axis. 
The pressure at Q is therefore increased by p. 

If the straight line PQ do not lie entirely in the liquid, P 
and Q can be connected by a number of straight lines, all 
lying in the liquid, and a repetition of the above reasoning 
will shew that the pressure p is transmitted, unchanged, to 
the point Q. 

9. In consequence of this property, a mass of liquid can 
be used as a ' machine ' for the purpose of multiplying power. 

Thus, if in a closed vessel full of water two apertures be 
made and pistons A, A' fitted in them, any force P applied 
to one piston must be counteracted by a force P' on the other 
piston, such that P' : P in the ratio of the area A' : -4, for 
the increased rate of pressure at every point of A is trans- 
mitted to every point of A', and the force upon A^ depends 
therefore upon its area *. 

The action between the two is analogous to the action of 
a lever, and it is clear that by increasing A' and diminishing 
A, we can make the ratio P' : P as large as we please. 

* Bramah^B Press is an instance of the practical nse of this property of 

liquids. 

% 



TRANSMISSION OF FLUID PRESSURE. 7 

10. The pressure of a gaseous fluid is found to depend 
upon its density and temperature, as well as upon the nature 
of the fluid itself. 

When the temperature is constant, experiment shews that 
the pressure varies inversely as the space occupied by the 
fluid, that is, directly as its density. 

This law was first stated by Boyle, but it is a consequence 
of the more general law that the pressure of a mixture of 
gases that do not act chemically on each other is the sum of 
the pressures the gases would exert if they filled the contain- 
ing vessel separately. For doubling the quantity of gas in 
the vessel would double the pressure, and a similar propor- 
tionate change of pressure would take place for any other 
change of quantity. 

Hence if p be the density of a certain quantity of a gaseous 
fluid, and p its pressure, then, as long as the temperature 
remains the same, 

p=^kp, 

where A: is a constant, to be determined experimentally for 
the fluid at a given temperature. 

If V be the volume of the gas at the pressure p, and v 
the volume at the pressure p', 

po^p'Vy 

or pm is constant for a given temperature. 

11. The Eldstidty of a fluid is measured by the ratio of 
a small increase of pressure to the cubical compression pro- 
duced by it. 

If V be the volume, the small cubical compression is 

— , and the measure of the elasticity is 

dp 
dv' 
In the case of a gas pv is constant, 

and.-.p + t;J = 0, 

80 that the measure of the elasticity is equal to that of the 
pressure. 



8 MEASURES OF WEIGHT, MASS, AND DENSITY. 

Measures of Weight, Mass, and Density. 

12. The weight, mass, and density of a fluid are measured 
in the same way as for solid bodies. 

If TT be the weight of a mass M of fluid, then, in accord- 
ance with the usual conventions which define the units of 
mass and force, W = Mg. 

If V be the volume of the mass M of fluid of density p, 
then M=pV, 

and /. W=gpV. 

For the standard substance, p = 1, and therefore the unit 
of volume of the standard substance is the unit of mass. 

13. In the previous articles no account has been taken 
of fluids in which the density is variable ; but it is easy to 
conceive the density of a mass of liquid varying continuously 
from point to point, and it will be hereafter found that a 
mass of elastic fluid, at rest under the action of gravity, and 
having a constant temperature throughout, is necessarily 
heterogeneous : the density at a point of a fluid must there- 
fore be measured in the same way as the pressure at a point, 
or any other continuously varying quantity. 

Measure of the density at any point of a heterogeneous fluid. 

Let m be the mass of a volume v of fluid enclosing a given 
point, and suppose p the density of a homogeneous fluid such 
that the mass of a volume v is equal to m, or such that 

m=^ pv; 

then p may be defined as the mean density of the portion v 
of the heterogeneous fluid, and the ultimate value of p when 
V is indefinitely diminished, supposing it always to enclose 
the point, is the density of the fluid at that point. 

14. To find the work done in compressing a gas. 

Let V be the volume of a gas at the pressure p, ds an 
element of the surface of the vessel containing it, and dn an 
element of the normal to ds drawn inwards. 
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Then the work done in a small compression 

=^pZdsdn = —pdv, 
and the work done in compressing from Fto F' 

V V 

= C'log^=pvlog-p. 



EXAMPLES. 

(In these Examples g is taken to be 32, when a foot and a second are units.) 

1. In a Hydraulic Press the diameter of the ram is nine 
inches and of the plunger of the pump is one inch; the 
length of the pump-lever is three feet, and the distance of the 
point of attachment of the plunger from the fulcrum is nine 
inches. If a force of 15 lbs. weight be applied at the end of 

\ the lever, find the force exei*ted by the ram of the press. 

2. ABCD is a rectangular area subject to fluid pressure ; 

AB is a fixed line, and the pressure on the area is a given 

function (P) of the length BO (x) ; prove that the pressure 

dP 
at any point of CD is —j- , where a = AB. 

If ^ be a fixed point, and AB, AD fixed in direction, and 

d^F 
if AB=^x and AD=y^ the pressure at (7= , , . 

3. In the equation W=gpV, if the unit of force be 100 
lbs. weight, the unit of length 2 feet, and the unit of time 
^th of a second, find the density of water. 

4. If a minute be the unit of time, and a yard the unit 
of space, and if 15 cubic inches of the standard substance 
contain 25 oz., determine the unit of force. 

5. In the equation, W^gpV, the number of seconds in 
the unit of time is equal to the number of feet in the unit of 
.length, the unit of force is 750 lbs. weight, and a cubic foot 



10 EXAMPLES. 

of the standard substance contains 13500 ounces ; find the 
unit of time. 

6. A velocity of 4 feet per second is the unit of 
velocity; water is the standard substance and the unit of 
force is 125 lbs. weight ; find the units of time and length. 

7. The number expressing the weight of a cubic foot of 
water is ^th of that expressing its volume, ^th of that ex- 
pressing its mass, and yj^th of the number expressing the 
work done in lifting it 1 foot. Find the units of length, 
mass, and time. 

8. Mercury (density 13*6) is the standard substance, 4 
inches is the unit of length, and the acceleratijon due to 
gravity is denoted by 54 : find the unit of force in absolute 
foot-pound-second units. 

9. If a feet and h seconds be the units of space and time, 
and the density of water the standard density, find the rela- 
tion between a and h in order that the equation, W^^gpYy 

may give the weight of a substance in pounds. ? 



10. A velocity of 8 feet per second is the unit of velocity, 
the unit of acceleration is that of a falling body, and tjie unit 
of mass is a ton ; find the density of water. 

11. The density at any point of a liquid, contained in* a 
cone having its axis vertical and vertex downwards, is greater 
than the density at the surface by a quantity varying as the 
depth of the point, Shew that the density of the liquid when 
mixed up so as to be uniform will be that of the liquid 
originally at the depth of one-fourth of the axis of the cone. 

12. The density of a fluid varies from point to. point; 
considering directions proceeding from a given point, prove 
that the density varies most rapidly along the normal to the 
surface of equal density containing the point ; and of direc- 
tions in the tangent plane to this surface, the tangents to its 
principal sections are those in which the rate of variation of 
density is greatest and least. 



I 



CHAPTER IL 

THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS. 

16. Taking the most general case, suppose a mass of fluid, 
elastic or non-elastic, homogeneous or heterogeneous, to be at 
rest under the action of given forces, and let it be required 
to determine the conditions of equilibrium, and the pressure at 
any point. 

Let aj, y, z be the co-ordinates referred to rectangular 
I axes, of any point P in the fluid, and let Q be a point near 
it, so taken that PQ is parallel to the axis of x, 

Ta^e x + hx, y, z, as the co-ordinates of Q; about PQ 
describe a small prism or cylinder bounded by planes per- 
p^dicular to PQ. 

Let a be the area of the section of the cylinder perpen- 
dicular to its axis, p the pressure at P, and p+hp the pressure 
at Q. 

Then^ a being very small, the pressure at any point of the 
plane P will be very nearly equal top, and the pressure upon 
it will therefore be 

where 7 vanishes in comparison with p when a is indefinitely 
diminished. 

We can therefore consider a so small that 7 may be neg- 
lected in comparison with p, and the pressure on the end P 
of the cylinder may be taken equal to pa, and similarly the 
pressure on the end Q equal to 
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CONDITIONS OF EQUILIBRIUM. 



If p be the mean density of the cylinder PQ, its mass 
= paSaj, and Xpahoc will represent the force on PQ parallel 
to its axis, if XSm, YZm, ZBm be the components of the forces 
acting on a particle Bm of fluid at the point xyz. 

Hence, for the equilibrium of PQ, 

{p + Bp)a —pa = XpaSx, 

or Sp = pXix. 

Proceeding to the limit when Zx, and therefore Sp, is 
indefinitely diminished, p will be the density at P, and we 
obtain 

By a similar process, 

But dp = ^da> + f^dy + f^dz; 

.'. dp=p{Xdx-\- Ydy + Zdz) (a), 

the equation which determines the pressure. 

16. It is, therefore an essential condition of equilibrium 
that p (Xdx + Ydy + Zdz) should be a perfect diflferential of 
some fimction/ (a;, y, z) ; and 

^ {pX) = ^^ ipZ) 



dz 



dx 



w, 



* In the above proof, a is taken so small that its linear dimensions may 
be neglected in comparison with Sx ; that is, the change in p, corresponding 
to a change ^ in as, is considered, undisturbed by any alterations in y and z. 
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CONDITIONS OF EQUILIBRIUM. 13 

from which by diflferentiating, multiplying the equations 
respectively by X, F, and Z, and adding, we obtain 

a necessary condition of equilibrium. 

The geometrical interpretation of this equation is that 
the lines of force, 

can be intersected orthogonally by a system of surfaces. 

17. Homogeneous Liquids. K the fluid be homogeneous 
and ^ incompressible, Xdx 4- Ydy + Zdz must be a perfect 
differential in order that equilibrium may be possible. 

In other words, the system of forces must be a conser- 
vative system, and the forces can be represented by the space- 
variations of a potential function. 

We then have, if F be the potential function, 

§ 

and r.^+V^C. 

P 

18. If, for instance, the forces tend to or from fixed 
centres and are functions of the distances from those centres, 
we have t ^ 

where (a, 6, c) are co-ordinates of the centre to which the 
force (f) (r) tenda 

Now r* = (ic-a)'+(y-6)' + (i5-c)«, 

.-. Xdx+Ydy + Zdz=t(l>{r)dr, 
and dp = plttf) (r) dr. 



14 PRESSURE OF FLUIDS. 

In this case, since 

it is obvious that the equation (7) is always satisfied, but it 
is not to be inferred that the equilibrium of a heterogeneous 
fluid is always possible with such a system of forces. 

When the density is constant, the equations (13) become 

dX^dY dZ^dY dX^dZ 
dy dx ^ dy dz ^ dz dx ' 

which are in this case always satisfied, and therefore the 
equilibrium of a homogeneous fluid under the action of such 
forces ia always possible. 

19. Elastic Fluids. When the fluid is elastic, an ad- 
ditional condition is introduced, for, if the temperature be 
constant, 

.-. ^ = ^(Xdx ^ Ydy + Zdz) (S). 

If the forces are derivable from a potential F, i,e, if 
Xdx + Ydy + Zdz be a perfect diflferential — rfF, 

ifc^ = -dF, 
P 

.\ A;log^ = -F, 

-Z c -- 

or jp = Cfe *, and p = -j:^ *• 

When the forces tend to fixed centres and are functions 
of the distances, Art. (18), this equation takes the form 

ifc^ = 2^(r)dr, 

and p can be determined. 



SURFACES OF EQUAL PRESSURE, AND FREE SURFACES. 15 

If the temperature be variable, the relation between the 
pressure, density, and temperature is found to be 

p = kp{l + at), 

where t is the temperature, measured by a Centigrade 
Thermometer, and a = '003665. 

From this we obtain 



p = kpail + t^ = KpZ 



where . K = ka, and T=- + t 

a 

T is called the absolute temperature, the zero of which is 

-273^0. 

T ,1 . dp Xdx + Ydy + Zdz 
In this case -^ = ift^ , 

P ^^ 

and .'. T must be a function of a?, y, z. 

In any of these cases, if the pressure at any particular 
point be given, the constant can be determined. 

In the case of elastic fluids, if the mass of fluid and the 
space within which it is contained be given, the constant is 
determined. 

20. The equation for determining p may also be obtained 
in the following manner. 

Let PQ be the axis of a very small cylinder bounded 
by planes perpendicular to FQ, 

Let p and p-\-^p be the pressures at P and Q, a the 
areal section, and hs the length of PQ. Then, if Shm be the 
component, in the direction PQ, of the forces acting on an 
element Sm, 

(p + Sp) a - ^a = poflfS*, 

and therefore, proceeding to the limit, 

dp^pSds. 

That is, the rate of increase of the pressure in any direction 
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is equal to the product of the density and the resolved part of 
the force in that direction. 

If X, y, z be the co-ordinates of P, and X, F, Zthe com- 
ponents of 8 parallel to the axes, 

and .*. dp=^p (Xdx + Ydy + Zdz) as in Art. 16. 

If the position of P be given by the cylindrical co-ordi- 
nates r, 0, and z, and if P, 7, ^be the components of 8 in 
the directions of r, 0, z,  ' 

8 = F— + T~ + Z— 
ds ds da^ 

and the equation for p becomes 

dp == /) {Pdr + Trd0 + Zdz). 

Again, if the position of P be given by the ordinary polar 
co-ordinates r, 0, 0, and if the components of the force be 
B, JV, and T, in the directions of r, of the perpendicular to 
the plane of the angle 0, and of the line perpendicular to r 
in that plane, it will be found that 

^ = Bdr + Nrsm0d6 + Trd0. 
P 

In a similar manner the expression for dp may be obtained 
for any other system of co-ordinates. 

21. 8urface8 of equal pressure. In all cases, in which 
the equilibrium of the fluid is possible, we obtain by inte- 
gration 

If jp be constant 0(a?, y, z)=p (A), 

is the equation to the surface at all points of which the 
pressure is constant, and by giving different values to ^ we 
obtain a series of surfaces of equal pressure, and the external 
surface, or free surface, is obtained by making p equal to the 
pressure external to the fluid. 
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If the external pressure be zero the free surface is therefore 

The quantities 

d<f> d(l> d<f> 

dx* dy' dz* 

which are proportional to the direction-cosines of the normal 
at the point (a?, y, z) of the surface -4, are equal to 

dp dp dp 
dx^ dy^ dz' 

respectively, i.e. to pX, pY, pZ, and are therefore proportional 
to X, r, Z. 

Hence the resultant force at any point is in direction of 
the normal to the surface of equal pressure passing through 
the point. 

The surfaces of equal pressure are therefore the surfaces 
intersecting orthogonally th^ lines of force. 

It follows from this result that a necessary condition of 
equilibrium is the existence of a system of surfaces ortho- 
gonal to the lines of force, a conclusion derivable also from 
the equation (7) of Art. (16), for that equation is the known 
analytical condition requisite for the existence of such a 
system. 

22. If the fluid be a homogeneous liquid, that is, if p 
is constant, Xdx + Ydy + Zdz must be a perfect differential, 
or in other words, the system of forces must be a conservative 
system. 

In general, when the force-system is conservative, p 
must be a function of the potential V. 

For dp^ — pdVy and dp being a perfect differential, p must 
be a function of V ; hence V, and therefore p, is a function 
otp, and surfaces of equal pressure are equipotential surfaces, 
and are also surfaces of equal density*. 

* These results may also be obtained in the following manner : 

Consider two oonsecutive surfaoes of equal pressure, containing between 
them a stratum of fluid, and let a small circle be described about a point P in 
one surface, and a portion of the fluid cut out by normals through the 
circumference. The portion of fluid is kept at rest by the impressed force, 

B. H. 2 
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If the fluid be elastic and the temperature variable 

Hence by a similar process of reasoning T is a function of p, 
and surfaces of equal pressure are also surfaces of equal 
temperature. 

If however Xdx + Ydy + Zdz be not a perfect differential, 
these surfaces will not in general coincide. 

1st. Let the fluid be heterogeneous and incompressible ; 
then the surfaces of equal pressure and of equal density are 
given respectively by the equations 

dp = 0, dp = 0, 

or Xdx^Ydy\-Zdz^^\ 

i^^t^^-t^A '"' 

These then are the differential equations of surfaces which 
by their intersections determine curves of equal pressure and 
density. 

From (B) we obtain 

dx _^ dy dz ,pv 

Z^^ y^ X^—Z^ Y^ — X— 

dy dz dz dx dx dy 

and by the pressures on its ends and on its circumference. Being very nearly 
a small cylinder, and the pressures at all points of its circumference being 
equal, the difference of the pressures on its two faces must be due to the 
force, which must therefore act in the same direction as these pressures, i. e. 
in direction of the normal at P. 

If the forces are derivable from a potential, the resulting force is perpen- 
dicular to the equipotential surfaces, and the surfaces of equal pressure are 
therefore identical with the equipotential surfaces. 

Again, considering the equilibrium of the elemental cylinder, the force 
acting upon it, per unit of mass, is equal to the difference of potentials 
divided by the distance between the surfaces of equal pressure, and as the 
mass of the element is directly proportional to this distance, it follows that 
the density must be constant, that is, the surfaces of equal pressure are 
also surfaces of equal density. 
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But from the conditions of equilibrium we have 

dX , ^dp dY ^^dp 

dY ydp ^ dZ .^dp 
'^ dz dz ^ dy dy* 

'^ dx dx '^ dz dz • 

and therefore the equations (C) become 

dx dy dz ,t\. 

dy dz dz dx dx dy 

the differential equations of the curves of equal pressure and 
density. 

2nd. Let the fluid be elastic and of variable temperature ; 

^, dp Xdx + Ydy + Zdz 
^^^^J KT ' 

and the curves of equal pressure and temperature are given 
by the simultaneous equations 

rfp=0, dT=0; 

or Xdx+Ydy + Zdz = 0^ 

dT ' dT ^ dT ^ 

-J- dx+ ^- dy+ -j-dz = 0\ 

dx dy ^ dz J 

But, since — is a perfect differential, the conditions of 

? . 
equilibrium are in this case 

d_ Z _d Y . 

dy'T^dz'T' •' 

zf^Yf^Ti^yj) 
dy dz \dy dz I 



or 



dz dx \dz dx) 
dx dy \dz dy ) ' 



2—2 
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But, from the preceding equations, 
dx dy 



dy dz 



dz dx 



dz 

dx dy 



dx 



dJ 



dy 
df^dX dZ'ctY 



dz 



n 



• dy dz dz dx dx dy 

equations of the same form as (D), are in this case the 
differential equations of the curves of equal (pressure and 
temperature, and therefore also of equal density. 

23. We shall now prove that the conditions of equilibrium 
of a finite mass of fluid are satisfied by the equations of 
Art. 15. 

Consider the fluid within a closed surface S, and take 
Z, m, 72. as the direction-cosines of the normal at any point 
drawn outwards. Resolving parallel to x, and taking moments, 
the equations of equilibrium are 

JJpldS = fJJpXdxdydz, 

JJpdS {ny - mz) =JJJp {Zy - Yz\ dxdydz. 

Now, integrating along a thin prism parallel to aj, which 
necessarily crosses the surface 8 an even number of times, 
and cuts out elements dS^, d8^, dS^y dS^, &c., 

jjj^dadydz^fjpdydz, 
between the limits P^^P^, ^z^v ^^•» 
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= ff—pjdSj^ COS (tt ~ 6^ +p^dS^ COS 0^ —p^dS^ cos (tt - dg) + &c., 

taking ^j, ^j, ^j, ... as the inclinations to the axis of x of the 
outward-drawn normals, 

—ffiPih^^i '^Pih'^^i + ... ) =JJpld8 over the whole surface. 

Transforming ffpnydS and JJpmzdS in the same manner 

and taking account of the equations j-=pX, -r=p Y, -^=pZ, 

we see that the conditions of equilibrium are satisfied. 

Conversely we may employ this method in order ta*obtain 
the equations alluded to. 

24. We can also prove that p(Xdx+Ydy + Zdz) must 
be a perfect differential, by considering the equilibrium of a 
spherical element of fluid. 

For the pressures of the fluid on the surface of the element 
are all in direction of its centre, and therefore the moment 
of the acting forces about the centre must vanisL 

Let Xy y, z be co-ordinates of the centre, and x + a, y+fi, 
jg + y o{ any point inside the small sphere. 

Then, p being the density at the centre, the expression 
Xc2m {Zfi — Yy) becomes 






Now fjjadadfidy = 0, the centre of the sphere being the 
centre of gravity of the volume, ffjfiydadfidy = 0, &c., and, 
if tt) = dadfidrf, 



= »•/■ 

J A 



4rrr/^dr = ^ irr^. 



The expression for the moment then becomes, neglecting 
higher powers of a, /S, 7, 
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and, in order that this may be evanescent, we must have 

25. Fluid at rest under the action of gravity. 
Taking the axis of z vertical, and measuring z downwards, 

X = 0, F = 0, Z^g, 
and the equation (a) becomes 

dp = gpdz, 

an equation which may also be obtained directly by consider- 
ing the equilibrium of a small vertical cylinder. 

In the case of homogeneous liquid, 

p = gpz-\-G, 
and the surfaces of equal pressure are horizontal planes. 

Hence the free surface is a horizontal plane, and, taking 
the origin in the free surface, and n as the external pressure, 

p = gpz + n. 

If there be no pressure on the free surface, 

or the pressure at any point is proportional to the depth below 
the surface. 

In the case of heterogeneous liquid, the equation 

dp=gpdz, 

shews that p must be a function of z. The density and 
pressure are therefore constant for all points in the same 
horizontal plane. 

As an example, let p oc js^ = fiz*", 
then P—91^ — rr + n. 
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26. If two liquids^ which do not mix, meet in a bent tube, 
the heights of the free surfaces above the common sv/rface are 
inversely as the densities. 

For the pressures at the common surface are the same, 
and if z, z be the heights of the upper surfaces above the 
common surface, and p, p the densities, these pressures are 
respectively 

gpz + n, gp'z' + n, 

and .-. -7 = ^. 
^ P 

27. It is a well-known law that if a system be in equili- 
brium under the action of gravity and the pressure of smooth 
surfaces, the equilibrium is stable, if the centre of gravity be 
in its lowest possible position. 

Hence it follows that, in the case of heterogeneous liquid, 
the density must increase with the depth, for otherwise the 
equilibrium would be unstable. 

Thus, if heterogeneous liquid be poured from one vessel to 
another, it will settle with the heaviest strata lowest, the law 
of density of course being changed. 

A quantity of liquid, the density of which is a given 
fwnction of the depth, is contained in a vessel of given shape ; 
if the liquid be transferred to another vessel, it is required to 
find the new law of density, each vessel being in the form of a 
surface of revolution with its axis vertical. 

Measuring x upwards from the lowest point of the liquid, 
let y =f(x) be the generating curve of the first vessel, and 
y = <l>{x) of the second. 

Then, if the stratum at the height x in the first vessel 
correspond to the stratum at the height a?' in the second, we 
. obtain, since the volumes are equal. 



Jo Jo 



and performing the integrations, we find x in terms of x\ and 
therefore p, which is a given function of x, becomes a new 
function of x\ 
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Moreover, if h and A' be the depths of the liquid in the 
two vessels, h is given in terms of h\ and therefore the 
density, p, can be found in terms of A' — x', the depth. 

If the new law of density be given, and it be required to 
find the shape of the new vessel, we may proceed as follows : 

The density being a given function of A — a?, and also of 
h' — x\ we can, by equating the two expressions, find x in 
terms of x\ 

Also, equating the volumes of corresponding strata, we 
obtain y<j|; = y'^dxy which at once, by substituting for x its 
value in terms of x\ gives the equation required. The value 
of K will be then obtained by equating to each other the 
whole volumes. 

Example (1). Th^ density of a liquid in a cylindrical 
vessel varies as the depth ; find the new law of density if the 
liquid he poured into a conical vessel having its vertex down- 
wards. 

In this case p = fi{h — x), 

and Tra^x = ^tto?'® tan* a ; 

also 7ra% = ^h'^ tan* a ; 

. a h'^ — x^ tttan*a,^,,a ^-, « .. 
.-. p = yLttan'a g^, = Sa^ (3A^*^ - 3AV + g'), 

if £: be the depth. 

Example (2). A quantity of liquid the density of which 
varies as the depths fills an inverted paraboloid to a given 
height; it is required to firid the shape of a vessel, in the form 
of a surface of revolution, such that if this liquid be poured 
into it its density will vary as the square of its depth. 

In this case p=- fiQi — x) = fi {K — xY,. 

.-. x = h — {h' — x'y, i{ fi = fic. 

The equation 4iaxdx=y^dx gives 

cy* = 8a (A' - x) {he - (A' - x')'}. 
To complete the solution, we must equate the total 
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volumes, and we thereby obtain h'* = ch as the necessary 
relation between h' and c. 

28. Elastic fluid at rest under the action of gravity. 
In this case, p = kp, 

and ^-=idz; 

p k 

.-. log^=^andjp=(7e*. 

The surfaces of equal pressure are in this case also hori- 
zontal planes, and the constant C must be determined by a 
knowledge of the pressure for a given value of z, or by some 
other fact in connection with the particular case. 

Example. A closed cylinder, the aods of which is vertical, 
contains a given mass of air. 

Measuring z from the top of the cylinder, 



_P_ 



G ? 



.•. if Jf be the given mass, a the radius, and h the height of 
the cylinder, 

M = I pira^dz = 7ra' - (e* - 1), 

whence G is determined. 

29. Ilhistrations of the use of the general equation, 

(1) Let a given volume V of liquid be acted upon by 
forces 

lix fiy fiz 

""o^' "¥' ""?' 
respectively parallel to the axes ; 

then dp = p(--^dx^f^dy^f^dzy 
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The surfaces of equal pressure are therefore similar ellip- 
soids, and the equation to the free surface is 

L ^ := . 

^8 ^^ rS T^ -2 .,^ > 

a O C flp 

assuming that there is no external pressure. 

The condition which determines the constant is that the 
volume of the fluid is given, and we have 



F = t^a6c.(?^)^ 



2 ' \4i7rahc) * 

(2) A given volume of liquid is at rest on a fixed plane, 
v/nder the action of a force, to a fixed point in the plane, 
varying as the distance. 

Taking the fixed point as origin, the expression for the 
pressure at any point is 

where r is the distance from the origin ; and if f -Tra' be the 
given volume, the free surface is a hemisphere of radius a, 
and 

The portion of the plane in contact with fluid is a circle 
of radius a, and therefore the pressure upon it 



= I prdt 

Jo Jo 



dd 



= \irfipa^. 

This result may be written in the form /Ltfa . f Trpa', which 
is the expression for the attraction on the whole mass of fluid, 
supposed to be condensed into a material particle at its centre 
of gravity, and might in fact have been at once obtained by 
considering that the fluid is kept at rest by the attraction to 
the centre of force and the reaction of the plane. 

(3) A given volv/me of heavy liquid is at rest under the 
action of a force to a fi^ed point varying as the distance from 
that point. 
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Take the fixed point as origin, and measure z vertically 
downwards ; 

then X= — /Lw;, Y= — yLy^ and Z—g — yt,z\ 

.*. djp = /) {— iixdx — yjydy -h (g — fiz) dz], 

and —^C — fjb -^ [-gz. 

P ^ 

The surfaces of equal pressure are spheres, and the free 
surface supposing the external pressure, zero, is given by the 
equation 

The volume of this sphere is 

^ /2C . /\f 

equating this to the given volume, the constant C is deter- 
mined, and the pressure at any point is then given in terms 
of r and z. 

Rotating Fluid, 

30. If a quantity of fluid revolve uniformly and without 
any relative displacement of its particles (i.e. as if rigid) 
about a fixed axis, the preceding equations will enable us to 
determine the pressure at any point, and the nature of the 
surfaces of equal pressure. 

For, in such cases of relative equilibrium, every particle 
of the fluid moves uniformly in a circle, and the resultant of 
the external forces acting on any particle m of the fluid, and 
of the fluid pressure upon it, must be equal to a force moV 
towards the axis, © being the angular velocity, and r the 
distance of m from the axis; it follows therefore that the 
external forces, combined with the fluid pressures and forces 
moV acting /rom the axis, form a system in statical equi- 
librium, to which the equations of the previous articles are 
applicable. 

A mass of homogeneous liquid, contained in a vessel, 
revolves v/niformly about a- vertical Ojcds ; required to deter- 
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mme the pressure at cmy point, and tJie surfaces of equal 
pressure. 

Take the vertical axis as the axis of z ; then, resolving 
the force mco^r parallel to the axes, its components are ttko^w 
and mcol^y, and the general equation of fluid equilibrium 
becomes 

dp = p {(o^xdx + (o^ydy — gdz), 
and therefore 

The surfaces of equal pressure are therefore paraboloids of 
revolution, and if the vessel be open at the top, the free sur- 
face is given by the equation 

r r 

where 11 is the external pressure. 

The constant must be determined by help of the data of 
each particular case. 

For instance, let the vessel be closed at the top and be 
just filled with liquid, and let 11 = ; then, taking the origin* 
at the highest point of the axis, p = when a?, y and z vanish, 
and therefore 0=0, and 

Next consider the case of elastic fluid enclosed in a vessel 
which rotates about a vertical axis ; 

as before dp=^p {o' {xdx + ydy) — gdz]-, 

and p = kp; 

/. klogp = Q)^—^'-'9^+ O, 

so that the surfaces of equal pressure and density are para- 
boloids. 

Let the containing vessel be a cylinder rotating about its 
axis, and suppose the whole mass of fluid given; then, to 
determine the constant, consider the fluid arranged in ele^ 
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mentary horizontal rings each of uniform density : let r be 
the radius of one of these rings at a height e, 8r its horizontal 
and Sz its vertical thickness, h the height, and a the radius 
of the cylinder : 

the mass of the ring = 27rprSrSz, 

rh ra 

and the whole mass (M) of the fluid = / / 2'7rprdrdz, 

Jo Jo 

the origin being taken at the base of the cylinder. 

Now p = €*.€ 2& J 

and .•.Jlf=^e*(6^ -l)(l-€ *), 

an equation by which C is determined. 

31. In general the equation of equilibrium for a fluid 
revolving uniformly and acted upon by forces of any kind, is 

dp = p [Xdx 4- Ydy 4- Zdz + ©* {xdx + ydy)]. 

In order that the equilibrium may be possible, three 
equations of condition must be satisfied, expressing that dp 
is a perfect difierential, and, if these conditions are satisfied, 
the surfaces of equal pressure, and, in certain cases, the free 
surface can be determined ; but it must be observed that a 
free surface is not always possible. In fact, in order that 
there may be a free surface, the surfaces of equal pressure 
must be symmetrical with respect to the axis of rotation. 

Whole Pressure. 

32. Def. The whole pressure of a fluid on any surface 
with which it is in contact is the sum of the normal pressures 
on each of its elements. 

If then p be the pressure at a point of an element B8 of 
the surface, 

pSS is the pressure on the element, 

and jjpdS is the whole pressure, the summation extending 
over the whole of the sur&ce considered. 
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If the fluid be homogeneous liquid, and gravity the only 
force in SiCtion, p =^ gpz, measuring z vertically downwards 
from the surface of the liquid^ 

and fJpdS == JJgpzS. 
Let z be the depth of the centre of gravity of the surface S, 

then z.S^JJzdS; 
and .*. the whole pressure =gpz8, 

i.e. the whole pressure is equal to the weight of a cylindrical 
column of fluid, the height of which is z, and the base a plane 
area equal to the area of the surface. 

We now add some examples of the determination of whole 
pressure. 

(1) A hemispherical bowl filled with water. 

Let r be its radius, p the density of water. 

Then the surface = 27rr^, 

r 



and z = 



2' 



.'. whole pressure =gpirr^, 
i.e. whole pressure : the weight of the fluid :: 3 : 2. 

(2) The density of a heavy liquid varies as the square 
of the depth ; it is required to find the whole pressure on a 
semicircular area immersed vertically with its hounding dia- 
meter in the surface. 

Let OP = r,AOP=0i 

then (Art. 25) if the density 
= fi (depth)*, file pressure at P 

=fir sin ey, 

and the whole pressure 

IF 

= 2 N'^r* sin' edddr, 
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(3) A cylindrical vessel is closed at the top, and very 
nearly JiUed vnth incompressible fluid, which rotates uniformly 
about the axis of the cylinder; to find the whole pressure on 
the curved su/rface and on the top of the cyMnder. 

In this case, taking the centre of the top as origin, and 
measuring z downwards, 

p (o^r^ 

Let a be the radius of the cylinder, h its height ; then at 
a depth z, the pressure at its surface 

an element of surface = 27ra . hz ; 

.'. the whole pressure on the curved surface 

rh 
= I ^irap (Jg) V + gz) dzy 

= TTpa'ha)^ + irpagJi?. 
The pressure on the top at a distance r from the origin 

and an element of its area = 27rrSr ; 
therefore the whole pressure on the top 

= I irpcoV dr = Jtt/jo) V. 

(4) A hollow spherical shell is just filled with homo- 
geneous liquid, and the liquid is at rest v/nder the action of 
a force, to a point on the inner surface of the shell, propor- 
tional to the distance from that point; it is required to find 
the whole pressure on tiie shell. 

Let be the centre of force, and r the distance of any 
point from 0. 

Then dp = — fiprdr, 

and p^G—jxp -^. 
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The pressure vanishes at the other extremity of the dia- 
meter OA, and therefore 

a being the radius AC. 

If P be a point in the sphere and ACP= 0, 

Q 

then OP = 2a cos ^ j-' 

and the pressure at P = 2/ipa' sin' ^ . 

If PCQ = idy in the plane of 0, the surface generated by 
the revolution of the arc PQ about OA 

= ^iraW . a sin 0, 

and /. the whole pressure on the surface 

r» , , 

= I 4i7rfipa^ sin* ^ sin 0d0 

= 27rfipa* I (1 — cos d) sin ^ci^ 
= 4i7rfipa\ 



EXAMPLES. 

•1. A closed tube in the form of an ellipse with its major 
axis vertical is filled with three different liquids of densities 
Pi' Ps» Ps respectively. If the distances of the surfaces of 
separation from either focus be r^, r^, r^ respectively, prove^ 
that 

^(P8-/>8) + ^2 (P8-Pi)+^3 (P|-/^ = 0- 

2. A heavy uniform fluid just fills a sphere : shew that a 
plane drawn through a horizontal tangent at an extremity of a 
horizontal diameter will divide the surface of the sphere into 
parts the whole pressures on which are equal, if it is inclined 
at an angle tstJoT^x to the vertical where a? — 2a^ — 2 = 0. 
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"^^ 3. The particles of a given mass of homogeneous liquid 
at rest attract each other according to the law of nature ; 
find the pressure at any point. 

*"^ 4. The density of a liquid varies as#ke square of the 
depth below the surface ; find the whole pressures, 1st, on a 
rectangular area just immersed vertically with one side in the 
surface, 2nd, on a circular area just immersed. 

5. A parabolic area, bounded by the latus rectum, is 
just immersed vertically, with its vertex in the surface of a 
liquid ; find the whole pressure upon it, 1st, when the liquid 
is homogeneous, 2nd, when its density varies as the depth. 

6. Find the surfaces of equal pressure when the forces 
tend to fixed centres and vary as the distances from those 
centres. 

-, 7. A regular tetrahedron is filled with fluid, and held so 
that two of its opposite edges are horizontal ; compare the 
pressures on its several sides with the weight of the fluid. 

O^^ 8. A spherical mass of elastic fluid is compressed into 
the cube which can be inscribed within the sphere ; compajre 
the whole pressures on the surfaces of the cube and sphere. 

If a mass of air in a cubical vessel be compressed into 
the sphere which can be inscribed in the cube, the whole 
pressures on the two surfaces are equal. 

9. In a solid sphere two spherical cavities, whose radii 
are equal to half the radius of the solid sphere, are filled with 
liquid ; the solid and liquid particles attract each other with 
forces which vary as the distance : prove that the surfaces 
of equal pressure are spheres concentric with the solid sphere. 

10. Shew that the forces represented by 

X = /Lt(y* + t/<0r + ^), Y=^{z'' + zx-^x''), Z = fi {a? •\- ayy + f) 

will keep a mass of liquid at rest, if the density x j- 

((list;. ) 

from the plane a* + y -f 2^ = ; and the curves of equal 
pressure and density will be circles. 

11. A given quantity of elastic fluid is contained in a 
hollow sphere, and its particles are acted upon by a force to 

B. H. 3 
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the centre of the sphere varying inversely as the distance. 
The sphere being supposed to vary in size, shew that the 
whole pressure on its surface varies inversely as its radius^ 
provided fi < 3«,^here fi is the absolute force, and k the 
ratio of the pressure to the density of the fluid. 

-/"^ 12. A closed cylindrical vessel is very nearly filled with 
incompressible fluid, which is acted upon by a force, varying 
as the distance, to the middle point of the axis of the cylinder; 
if 2a be the length of the axis and c the radius of either end, 
shew that the whole pressure on the curved surface : the 
whole pressure on the ends :: 8a® : 3c'. 

i-J^Bo find this ratio when the centre of force is at the 
centre of either end of the cylinder. 

13. If a conical cup be filled with liquid, the mean 
pressure at a point in the volume of the liquid is to the mean 
pressure at a point in the surface of the cup as 3 : 4. 

14. A vessel is in the form of a right cone without 
weight, the vertical angle being 2a ; the vessel is filled with 
liquid and then suspended by a point in the rim : if y8 be the 
inclination of the axis of the cone to the vertical, shew that 

cot 2i8 = cot 2a — V cosec 2a. 

4 

15. A mass of fluid rests upon a plane subject to a 
central attractive force ( ^ I, situated at a distance c from the 



(?)■ " 



plane on the side opposite to that on which the fluid is ; and 
a is the radius of the free spherical surface of the fluid ; shew 
that the whole pressure on the plane 



TTp/lr 

a 



(a - c)\ 



16. Find the surfaces of equal pressure for fluid acted 
upon by two forces which vary as the inverse square of the 
distance from two fixed points. 

Prove that if the surface of no pressure be a sphere, the 
loci of points at which the pressure varies inversely as the 
distance from one of the centres of force are also spheres. , 
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17. The unit of velocity being a velocity of one foot per 
second, and the unit of acceleration that of a falling body, 
find the gravitation unit of force in the equation p = gpz, 
water being taken as the standard substaoce. 

18. • A cylindrical rod, of radius one inch and length 
eight inches, is placed in a vessel of water ten inches deep, 
with one end on the bottom of the vessel, and is inclined to 
the vertical at an angle 45° ; if an inch be the unit of length, 
a yard per second the unit of velocity, and the density 
of water the unit of density, find the number of gravitation 
units of force in the whole pressure on the rod. 

19. A closed cylinder, with its axis vertical, is just filled 
with liquid which rotates uniformly about a generating line ; 
find the whole pressures on the base, the upper end, and the 
curved surface. 

''^ 20. A vessel in the form of an inverted cone is partly 
filled with fluid, and closed with a lid; it is then made to 
revolve uniformly about its axis ; if a small hole be now 
made at the vertex, determine how much of the fluid wiU 
escape, considering the different cases that arise according to 
the magnitude of the angular velocity. If this be indefinitely 
increased, prove that the surface of the fluid is a circular 
cylinder, and find its radius. 

^' 21. If the force at any point is given by a potential <^, 
and if a tube of small but variable circular section be 
imagined in the liquid, the whole pressure upon which is P, 
prove that 

where r is the radius of the section, and s is measured along 
the axis of the tube. 

22. The density of a liquid, contained in a cylindrical 
vessel, varies as the depth ; it is transferred to another vessel, 
in which the density varies as the square of the depth ; find 
the shape of the new vessel. 

3—2 
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23. A circular cone, of vertical angle ^, is just filled 

with water, and has a generating line rigidly attached to a 
horizontal plane. The plane is caused to revolve with uni- 
form angular velocity about a vertical axis through the apex 
of the cone : find the greatest velocity which will allow of the 
pressure being zero at the highest point; and in this case 
find the whole pressure on the base. 

C \^ 24. A straight rod, every particle of which attracts with 
a force varying inversely as the square of the distance, is 
surrounded by a mass of homogeneous incompressible fluid ; 
find the form of the surfaces of equal pressure. 

25. A quantity of heavy liquid is attracted to a fixed 
centre, by a constant force the intensity of which is equal to 
the force of gravity, and is supported by a horizontal plane. 
Find the form of the surfaces of equal pressure ; and also the 
pressure on the plane, proving that when the plane passes 
through the centre of force it is equal to four-thirds of the 
weight of the liquid. Find also expressions for the pressure 
on the plane when it is either above or below the centre of 
force. 



<Jc 



26. The interior of a homogeneous shell, bounded by 
two non-concentric spherical surfaces, and attracting according 
to the law of nature, is partially filled with homogeneous 
liquid which revolves uniformly with it round the line passing 
through the centres of the spheres ; prove that the free surface 
is a paraboloid of revolution. 

^xL "4 27. A rigid spherical shell is filled with homogeneous 
inelastic fluid, every particle of which attracts every other 
with a force varying inversely as the square of the distance ; 
shew that the diflference between the pressures at the surface 
and at any point within the fluid varies as the area of the 
least section of the sphere through the point. 

28. At the vertex of a solid cone (vertical angle 2a) there 
is a centre of force the attraction to which varies as the dis- 
tance ; and a given quantity of liquid is in equilibrium under 
the action of this force alone. Determine the form of its 
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At CL 

free surface. If the volume of the liquid be — Tra'^cos^^^ 

prove that the whole pressure on the surface of the cone 
— i/^pTra* sin a, where p is the density of the liquid and /a the 
absolute force. 

C ^^ 29. An open vessel containing liquid is made to revolve 
about a vertical axis with uniform angular velocity. Find 
the form of the vessel and its dimensions in order that it may 
be just emptied. 

^ 30. A quantity of liquid (gravity being supposed not to 
act) just fills a hollow sphere, and is repelled from a point in 
the surface of the sphere by a force = /i x distance : if the 
liquid revolve round the diameter passing through the centre 
of force with uniform angular velocity w, find the whole 
pressure on the surface of the sphere. If, by diminishing the 
angular velocity one half, the pressure is also diminished one 
half, shew that (o^ = 6/a. 

31. A rectangular plate of thin metal of given size is 
bent and held so that two opposite edges are parallel and in 
the same horizontal plane, and the vertical ends are then 
closed by flat plates ; if this vessel be filled with water, find 
its form when the whole pressure upon its curved surface is 
a maximum. 

32. An infinite mass of homogeneous fluid surrounds a 
closed surface and is attracted to a point ( 0) within the surface 
with a face which varies inversely as the cube of the distance. 
If the pressure on any element of the surface about a point P 
be resolved along PO, prove that the whole radial pressure, 
thus estimated, is constant, whatever be the shape and size 
of the surface, it being given that the pressure of the fluid 
vanishes at an infinite distance from the point 0. 

33. A right cone, whose weight may be neglected, is sus- 
pended from a point in its rim ; it contains as much fluid as 
it can : prove that the whole pressure upon its surface is 

1 , J sin a cos f cos {6 + a)) * 
3 '^f^'' cos' a |co8{^-a)t ' 
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where A, 2a, are the height and vertical angle of the cone, 
and is determined from 3 sin 2^ = 4 sin 2 (5 — a). 

34. A vessel formed by the revolution of a cardioid 
r = a (1 — cos 6) about its axis which is vertical (vertex up- 
wards) is just filled with water and rotates about that axis 
with uniform angular velocity. Find this velocity, when 

the line of no pressure is given by = -^. Find also the 

pressure at any other point, and the points of maximum 
pressure. 

<^ 35. A closed vessel full of liquid is made to revolve with 
uniform angular velocity eo about a vertical axis through its 
highest point; shew that the total pressure of the liquid on 
the surface is increased by ^ J-Fpa)*; A being the area of the 
surface, and k the radius of gjrration of the surface about the 
vertical axis. 

36. All space being supposed filled with an elastic fluid 
the particles of which are attracted to a given point by a 
force varying as the distance, and the whole mass of the fluid 
being given, find the pressure on a circular disc placed with 
its centre at the centre of force. 

37. A thin ellipsoidal shell, attracting according to the 
law of nature, is surrounded by homogeneous liquid ; find 
the surfaces of equal pressure, neglecting the attraction of 
the liquid on itself. 

38. Circles are drawn having their centres on the axis 
of z and touching at the origin the plane xy, and the position 
of a point P is defined by r, 6, <^, where r is the radius of the 
circle through P, centre G, 6 is the angle OCPy and <^ the 
inclination of the plane OOP to a fixed plane through the 
axis of z ; prove that 

^ = i2 (1 - cos^) dr+Tmi0dr'\-Trd0 + Nr sm0d6, 
P 

where mR, mT, mN are the forces, on an element m of liquid 
at P, along CP, along the tangent to the circle at P, and 
perpendicular to the plane of the circle. 
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39. A mass m of elastic fluid is rotating about an axis 
with uniform angular velocity o, and is acted on by an 
attraction towards a point in that axis equal to fi times the 
distance, /i being greater than <»* ; prove that the equation 
of a surface of equal density p is 

40. A quantity of liquid, the density of which varies as 
the depth, fills an inverted paraboloid, of latus rectum c, to a 
height h ; prove that, if it be poured into a vessel of the form 
generated by the revolution round the axis of x of the curve, 

ay = 2ch?x (a — x) (2a — x)y 

where a is any constant, its density will vary as the square 
of its depth. 

7^1. A mass of self-attracting liquid, of density /o, is in 
equilibrium, the law of attraction being that of the inverse 
square : prove that the mean pressure throughout any sphere 

2 

of the liquid, of radius r, is less by ^ tt/oV than the pressure 

at its centre. 



CHAPTER III. 

THE RESULTANT PRESSURE OF FLUIDS ON SURFACES. 

33. In the preceding Chapter we have shewn how to 
investigate the pressure at any point of a fluid at rest under 
the action of given forces ; we now proceed to determine the 
resultants of the pressures exerted by fluids upon surfaces 
with which they are in contact. 

We shall consider, first, the action of fluids on plane sur- 
faces, secondly, of fluids under the action of gravity upon 
curved surfaces, and thirdly, of fluids at rest under any given 
forces upon curved surfaces. 

Fluid Pressures on Plane Surfaces, 

The pressures at all points of a plane being perpendicular 
to it, and in the same direction, the resultant pressure is 
equal to the sum of these pressures, that is, to the whole 
pressure, and acts in the same direction. 

Hence, if the fluid be incompressible and acted upon by 
gravity only, the resultant pressure on a plane 

= the whole pressure 

= gpzA, 

where A is the area and z the depth of the centre of gravity. 

In general, if the fluid be of any kind, and at rest under 
the action of any given forces, take the axes of x and y in 
plane, and let p be the pressure at the point (x^ y). 
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The pressure on an element of area SooSy =pSosSy; 

/. the resultant pressure = jjpdydx, 

the integration extending over the whole of the area con- 
sidered. 

If polar co-ordinates be used, the resultant pressure is 
given by the expression 

f^rdrdO. 

34. Def. The centre of pressure is the point at which 
the direction of the single force, which is' equivalent to the 
fluid pressures on the plane surface, meets the surface. 

The centre of pressure is here defined with respect to 
plane surfaces only ; it will be seen afterwards that the re- 
sultant action of fluid on a curved surface is not always 
reducible to a single force. 

In the case of a heavy fluid, it is clear that the centre of 
pressure of a horizontal area, the pressure on every point of 
which is the same, is its centre of gravity ; and, since pres- 
sure increases with the depth, the centre of pressure of any 
plane area, not horizontal, is below its centre of gravity. 

To obtain fomiulce f(yr the determination of the centre of 
pressure of any plane area. 




Let p be the pressure at the point (x, y), referred to rect- 
angular axes in the plane, a? + Sa?, y + Sy, the co-ordinates 
of Q, 

^> y> co-ordinates of the centre of pressure; 
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Then y . JJpdydx = moment of the resultant pressure 

about OX, 

= the sum of the moments of the pres- 
sures on all the elements of area about 
OX, 

= 'S,pSySx,y 

^JJpydydx; 

"^ Hpdydx' 
and similarly 0, = ^^^, 

the integrals being taken so as to include the area considered- 

If polar co-ordinates be employed, a similar process will 
give the equations 

- _ iiP^ ^^^ drdO _ _ jjpif^ sin dr d0 
^ iipr dr d0 ' y !Spr dr d0 ' 

35. If the fluid be homogeneous and inelastic, and if 
gravity be the only force in action, 

P = gph 

where h is the depth of the point P below the surface ; and 
we obtain 

-_!S hxdydx - ffhydydx ,. 

^~ fJUydx ' ^^ jjhdydx "^^' 

It is sometimes useful to take for one of the axes the line 
of intersection of the plane with the surface of the fluid : if 
we take this line for the axis of a?, and as the inclination of 
the plane to the horizon, p = gpy sin 0, and therefore 

-_!Jf^dydx - Mdydx 

Ifydydx ' y- Hydydx ^^- 

From these last equations (/8) it appears that the position 
of the centre of pressure is independent of the inclination of 
the plane to the horizon, so that if a plane area be immersed 
in fluid, apd then turned about its line of intersection with 



k. 
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the surface as a fixed axis, the centre of pressure will remain 
unchanged. 

If in the equations (a) we make h constant, that is, if we 
suppose the plane horizontal, x and y are the co-ordinates of 
the centre of gravity of the area, a result in accordance with 
Art. (34) ; but, in the equations (yS), the values of x and y are 
independent of ^, and are therefore unaffected by the evane- 
scence of 0, This apparent anomaly is explained by con- 
sidering that, however small 6 be taken, the portion of fluid 
between the plane area and the surface of the fluid is always 
wedge-like in form, and the pressures at the different points 
of the plane, although they all vanish in the limit, do not 
vanish in ratios of equality, but in the constant ratios which 
they bear to one another for any finite value of 6. 

The equations of this article may also be obtained by the 
following reasoning. 

Through the boundary line of the plane area draw vertical 
lines to the surface enclosing a mass of fluid; then the reaction 
of the plane, resolved vertically, is equal to the weight of the 
fluid, which acts in a vertical line through its centre of 
gravity ; and the point in which this line meets the plane is 
the centre of pressure. - 

Taking the same axes, the weight of an elementary prism, 
acting through the point x, y, is gphSxBy cos 0, where is the 
inclination of the plane to the horizon ; and therefore the 
centre of these parallel forces acting at points of the plane, 
is given by the equations 

- — IlffP^ ^ ^^^ ^ ^y ^ — _ IlffP^ y ^^s dydx 
jjgph cos 0dydx' ^ " fjgph cos dydx ' 

_ _ /j5b? dydx _ __ l^y dy dx 
^^ ^" JJhdydx ' ^" JJhdydx ' 

Hence it appears that the depth of the centre of pressure 
is double that of the centre of gravity of the fluid enclosed. 

36. The following theorem determines geometrically the 
position of the centre of pressure for the case of a heavy 
liquid. 
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If a straight line he taken in the plane of the area, parallel 
to the surface of the liquid and as far below the centre of 
inertia of the area as the surface of the liquid is above, the 
pole of this straight line with respect to the momental ellipse 
at the centre of inertia whose semi-axes are equal to the prin- 
cipal radii of gyration at that point will he the centre of 
pressure of the area. 

Taking A for the area, and J, a for the principal radii of 
gyration, these are determined by the equations 

Ab^ =Jfy^ dxdy, Aa^ = Jfx^ dxdy, 

and the equation of the momental ellipse is 

fi 8 

or y 
k^ = 1 

a* ^ b' ' 

the co-ordinate axes being the principal axes at the centre of 
inertia. 

Let X, y be the co-ordinates of the centre of pressure, and 

a? cos ^ + ^ sin 0=p 
the equation to the line in the surface ; 

then X = //(y-^cQ8^-ysing)a;d^dy ^ a* ^^^ ^ 

JKp — ^ cos ^ — y sin 0) dxdy p ' 

and similarly, y = sin ^ ; 

.*. (x, y) is the pole of the line 

X cos + ysm0 ^—p 
with respect to the momental ellipse. 

37. Examples of the determination of centres of pressure. 

(1) A quadrant of a circle just immersed vertically in a 
heavy homogeneous liquid, with one edge in the surface. 

If Ox, the edge in the surface, be the axis of x, 

^_ 5oS^'^^'^'^^ «^ydcody - Jffdxdy 
l:ir-'\dxdy'''^liyd-dy^ 

the limits of the integrations for y being the same as for x. 



— 1 
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Hydxdy = J/(a"-^) dx = ^\ 
jjxydxdy = \jx.{a^ — a?) dx = ^a\ 

!ifdxdy^^S{a^-x^Ux = 



ira^ 



16 ' 



3 3 



Employing polar co-ordinates and taking the line Ox as 
the initial line, we should have p =gpr sin 0, and 



nr^ cos sin ^ dr d0 



^3 

([r^am0drd0 



a^-^^^r =3^, 



fr7^sm^0drd0 g 

and y = -^j? = - ira. 

jjr'ain0drd0 ^ 

(2) A circular area, radivs a, is immersed with its plane 
vertical, and its centre at a depth c. 

Take the centre as the origin, and the vertical downwards 
from the centre as the initial line ; then if p be the pressure 
at the point r, 0, 

p=gp(^c + r cos 0)y 
and the depth below the centre of the centre of pressure 

21 I r* cos ^ (c + r cos 0) dr d0 , 

4c* 



2jj r{c + r cos 0)drd0 



It will be seen that this result is at once given by the 
theorem of Art. 36. 
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(3) A vertical rectangle, exposed to the action of the 
atmosphere at a constant temperature. 

If n be the atmospheric pressure at the base of tlie 

rectangle, the pressure at a height z is He"*, Art. (28), and 
if b denote the breadth, the pressure upon a horizontal strip 
of the rectangle 

.'. the resultant pressure, if a be the height, 
= 1 He »6<fo = n — (1-e *), 

•'0 y 

and the height of the centre of pressure 

I ze *dz 7 



ra 

I: 



€ kdz €* — 1 



(4) A hollow cube is very nearly filled with liquid, and 
rotates uniformly about a diagonal which is vertical; required 
to find the pressures upon, and the centres of pressure of, its 
several faces. 

I. For one of the upper faces ABGD, 

take AD, AB, as axes of x and y ; z,r, the vertical and hori- 
zontal distances of any point P {x, y) from A, 

then -2 = ia)V* + gz, 

z = — -^, projecting the broken line ANPon AE, 

.'. the pressure (P) on ABCD= I / pdydx 

- P . j Jfe («* + y* - «y) + ;^ (as + y)| <?yda' 



"{sV^-'^-^fs^i- 
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The centre of pressure is given by the equations 



.•, x = y = a 



21g + 3V3a)"a 
• S6g + 5 V3(o"a ' 



II. For one of the lower faces ECDF, 
take EFy EC as axes, then, for a point Q, 

and the rest of the process is the same as in the first case. 

(5) A quadrant of a circle is just immersed vertically, 
with one edge in the swrface, in a liquid, the density of which 
varies as the depth. 



J 
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Taking Ox as the edge, in the surface, p=fiy and p=^fig^; 
the centre of pressure is therefore given by the equations 

xfdy dx I \fdydx 

^=—^77 .^ndyJf ; 

jjy'dyd.c jjy*dydx 

or, in polar co-ordinates, ' 

[ " f V sin'd cos dr dd jjr' sin'd dr d0 

x= "^ "^ ,and y= \ ; 

[[/sin'd dr dd jjr' sm^d dr dd 

and it will be found that 

_ 16 a , _ 32 a 

15 TT ^ lo TT 

(6) A semicircular area completely irmnersed in water 
with its plane vertical and one end A of its hounding diameter 
in the surface. 

Let a be the inclination of the diameter to the surface, 
and X, y the co-ordinates of the centre of pressure referred to 
the diameter and the tangent at A. 

Then ic//r*sin {d + a) drdd =//r'cos d sin (<? + a) drdd, 
and y //r*sin {6 -\- a) drdQ =//r'sin Q sin (tf + a) drdd, 

r being taken from o to 2a cos d, and 6 from o to ^ . 

38. If a given plane area turn in its own plane about a 
fixed point, the centre of pressure changes its position and 
describes a curve on the area. 

Take the fixed point as origin, and the horizontal line 
in the plane as axis of a;'. 
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Let OX, OF be axes fixed in the area ; then, if h be the 
depth of below the surface, )8 the inclination of the area 
to the vertical, and xOx = dy 

p=^gp {h + y cos ^)=gp{h-{-x sin ^ cos /3 + y cos d cos P) ; 

-_ffpoo dxdy _^a + b sin + ccos 6 
fjp dxdy a + yS sin ^ + 7 cos ^ 
J >_ a' + csin^ + o'cos5 

^ a + /3sin^ + 7Cos^' 

o, 6, a, &c., being known constants, and the elimination of 
gives a conic section as the locus of the centre of pressure. 

We can also obtain this result by aid of the theorem of 
Art. 36. 

Taking the principal axes through the centre of gravity 
as co-ordinate axes, and taking a, yS as the co-ordinates of 
the point 0, the centre of pressure is the pole of the line, 

X cos ^ + ysin^ = A-fa cos ^ + jS sin ^, 

with regard to the momental ellipse, and is given by the 
equations, 

a'cos J' sin t _,. ^ ^^, /, , ;© ,• /, 
— — — = — ^ — = h-\-OL cos u-rp sm U. 
X y 

, 0? %? 1 
If and O coincide, the locus is -i H- yi = r« • 

ah h 

 

39. A vessel having a plane base and plane vertical sides, 
contains two liquids which do not mix ; to find the resultant 
pressure on one of the sides, and the centre of pressure. 

Let p be the density and h the depth of the upper liquid, 
p\ h', corresponding quantities for the lower liquid; the 
common surface must be a horizontal plane, the pressure at 
any point of which is gph, and the pressure at a depth z 
below the common surface is gph+gpz. 

Taking b for the breadth of one of the vertical sides, the 
pressure of the upper liquid upon it = ^gpbh^, and the pres- 
sure of the lower liquid 

= f % 0>^ + P^) iJ^ = 9^f^' (ph + i ph'). 

J ' 

B. H. 4 
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The resultant pressure is the sum of these two and is 
equal to 

The moment of the fluid pressure on this side about its 
line of intersection with the sur£sw5e 

^jgpbz^dz+j g{ph + pz)b{h + z)dz: 

performing the integrations, and dividing by the expression 
for the resultant pressure investigated above, we obtain the 
depth of the centre of pressure. 

Jtesultant Pressures on Curved Surfaces. 

40. To find the resultant vertical pressure on any surface 
of a homogeneous liquid at rest under the action of gravity. 

PQ being a surface exposed to the action of a heavy liquid, 
let AB be the projection of PQ on the surface of the liquid. 




The mass AQ is supported by the horizontal pressure of 
the liquid and by the reaction of PQ ; this reaction resolved 
tertically must be equal to the weight of J. Qy and conversely, 
the pressure on PQ is equal to the weight of A Q, and acts 
through its centre of gravity. 

If PQ be pressed upwards by the liquid as in the figure, 
ptoduce the aurface, project PQ on it as before, suppose the 
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space ^Q to be filled with liquid of ^the same kind, and 
remove the liquid from the inside. 




Then the pressures at all points of PQ are the same as 
before, but in the contrary direction, and since the vertical 
pressure in this hypothetical case is equal to the weight of 
A Qy it follows that in the actual case, the resultant vertical 
pressure upwards is equal to the weight of AQ, 

If the surface be pressed partially upwards and partially 
downwards, draw through P, the highest point of the portion 
of surface considered, a vertical plane P-B, and let ACB be 
the projection of £8Q on the surface of the liquid. 




Then the resultant vertical pressure on PSR, 

= the weight of the liquid in PSR, 
and on RQ^ (7Q, 



4-2 
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and the whole vertical pressure = the weight of the liquid in 
CQ + the weight of the liquid in PR, 

This might also have been deduced from the two previous 
articles, for PR can be divided by the line of contact of ver- 
tical tangent planes into two portions PS, SR, on which the 
pressures are respectively upwards and downwards; and since 

pressure on PS = weight of liquid APS, 
and SR= A8R, 

the difference of these, i.e. the vertical pressure on Pi2= weight 
of fluid PR. 

In a similar manner other cases may be discussed. 

It will be observed that this investigation applies also to 
the case of a heterogeneous liquid (in which the density must 
be a function of the depth, since surfaces of equal pressure 
are surfaces of equal density), provided we consider that the 
hypothetical extension of the liquid follows the same law of 
density. 

41. To find the resultant horizontal pressure, in a given 
direction, on a surface PQ. 

Project PQ on a vertical plane perpendicular to the given 
direction, and let pq be the projection. 

Then the mass Pq is kept at rest by the pressure on pq^ 
the resultant horizontal pressure on PQ, and forces in vertical 
planes parallel to the plane pq. 
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Hence the horizontal pressure on PQ is equal to that on 
pq, and acts in the same straight line, i.e. through the centre 
of pressure of pq. 

Hence, in general, to determine the resultant fluid pres- 
sure on any surface, find the vertical pressure, and the result- 
ant horizontal pressures in two directions at right angles to 
each other. These three forces may in some cases be com- 
pounded into a single force, the condition for which may be 
determined by the usual methods of Statics. 

Ex. A hemisphere is filled vnth homogeneous liquid : re- 
quired to find the resultant action on one of the four portions 
into which it is divided by two vertical planes through its centre 
at right angles to each other. 

Taking the centre as origin, the bounding borizoptal 
radii as axes of x and y, and the vertical radius aa the axis of 
Zj the pressure parallel to x is equal to the pressure pn the 
quadrant yOz, which is the projection, on a plane perpen- 
dicular to Ox, of the curved surfacp. 

Therefore, the pressure parallel to Ox 

Tra' Aa 1 , 

and the co-ordinates of its point of action are 

(3 3 \ 
0, ga, jg Tra 1 , Art, 37, Ex. 1 ; 

1 ' 

similarly, the pressure parallel to Oy = ^gpa^y and acts through 

o 

the point, 

/3 3 \ 

(^g-a, 0, ^Traj. 

The resultant vertical pressure = the weight of the liquid 

1 ... 3 

= -^gpira^f and acts in the direction of the line a; = - a = y. 
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The directions of the three forces all pass through the 
point 



/3 3 3 \ 



and they are therefore equivalent to a single force 

^^paV(*T' + 8) in the line 



X 



3 3 2 / 3 \ 



or x^y= -z, 

IT 

a straight line through the centre, as must obviously be the 
case, since all the fluid pressures are normal to the surface. 
The point in which it meets the surface of the hemisphere 
may be called ' the centre of pressure/ 

42. To find the resultant pressure on the surface of a solid 
either wholly or partially immersed in a heavy liquid. 

Suppose the solid removed, and the space it occupied filled 
with liquid of the same kind ; the resultant pressure upon it 
will be the same as upon the original solid. But the liquid 
mass is at rest under the action of its own weight, and the 
pressure of the liquid surrounding it : the resultant pressure 
is therefore equal to the weight of the liquid displaced, and 
acts in a vertical line through its centre of gravity. 

The same reasoning evidently shews that the resultant 
pressure of an elastic fluid on any solid is equal to the weight 
of the elastic fluid displaced by the solid. 

This result may also be obtained by means of Arts. 40 and 
41, as follows : Draw, parallel horizontal lines touching the 
surface, and forming a cylinder which encloses it ; the curve 
of contact divides the surface into two parts, on which the 
resultant horizontal pressures, parallel to the axis of the 
cylinder, are equal and opposite ; the horizontal pressures on 
the solid therefore balance each other and the resultant is 
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wholly vertical. To determine the amount of the resultant 
vertical pressure, draw parallel vertical lines touching the 
surface, and dividing it into two portions on one of which the 
resultant vertical pressure acts upwards, and on the other 
downwards ; the ditference of the two is evidently the weight 
of the fluid displaced by the solid. 

43. If a solid of given volume (F) be completely im- 
mersed in a heavy liquid, and if the surface of the solid consist 
partly of a curved surface, and partly of known plane areas ; 
the resulting pressure on the curved surface can be de- 
termined. 

For the plane areas being known in size and position, we 
can calculate the resultant horizontal and the resultant verti* 
cal pressure, X and F, upon those areas; and, since the 
resulting pressure on the whole surface is vertical and equal 
to 5r/[>F upwards, it follows that the resultant horizontal and 
vertical pressures on the curved surface are respectively equal 
to X and gp F— F. 

Ex. A solid 18 formed hy tn/ming a circular area round 
a tangent line through an angle 0, and this solid is held under 
water with its lower plane face horizontal and a given depth h. 

In this case, 

F= ira^O, X = gptra^ (A — a sin 9) sin 5, 
and T = gp'rra^ (A — A cos ^ + a sin 6 cos 0), 

44. To find the resultant pressure on any surface of a 
fluid at rest under the action of any given forces. 

Let p be the pressure, determined as in Chapter II.. at any 
point {x, y, z) of a surface, it = 0, exposed to the action of the 
fluid. Then if 



F* ^ [dxJ ■*■ \dy 



\» /duV 



pdu pdu pdu 
dx^ dy* dz * 

are the direction-cosines of the normal at the point (a?, y, z). 
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Let SS be an element of the surface about the same point. 
The pressures on this element, parallel to the axes, are 

?^S«« j^l** '"''£''■■ 

.'. i{ X, Yy Zy and L, M, N, be the resultant pressures parallel 
to the axes, and the resultant couples, respectively, 

i-//K^«(,|-4;). 

the integrations being made to include the whole of the sur- 
face under consideration. 

These resultants are equivalent to a single force if 

45. The surface may be divided into elements in three 
different ways by planes parallel to the co-^ordinate planes. 

Thus, SxSt/ = projection oi BS on ^ = P -j-BS; 

and .*. Z=fjpdxdy; and similarly, X = jj pdydz, and 
Y=jjpdzdx, 

L = JJp {ydxdy — zdzdx), 

=" SS P (ydy " zdz) dx, 
Jf =s jjp {zdz — xdx) dy, 
N = SSp i^dx - ydy) dz. 

46. If the fluid be at rest under the action of gravity 
only, and the axis of z be vertical, p is a, function of z, <f> (z) 
suppose, and therefore, 

X=SS<l>(^)dydz, 
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tvhich is evidently the expression for the pressure, parallel to 
X, upon the projection of the given surface on the plane yz ; 
and similarly Fis equal to the pressure upon the projection 
on xz. 

Again, if the fluid be incompressible and acted upon by 
gravity only, pBxBy is equal to the weight of the portion of 
fluid contained between BS and its projection on the surface 
of the fluid ; 

.'. ^, or jjpdxdy, is the weight of the superincumbent fluid. 

These results accord with those previously obtained, Arts* 
40 and 41. 

47. If a solid body be wholly or partially immersed in 
any fluid which is at rest under the action of given forces, the 
resultant fluid pressure on the body will be equal to the 
resultant of the forces which would act on the displaced fluid. 

For we can inaagine the solid removed and the gap filled 
up with the fluid, which will be in equilibrium under the 
action of the forces and the pressure of the surrounding 
fluid ; and the resultant pressure npiust be equal and opposite 
to the resultant of the forces. 

In filling up the g^rp with fluid, th^ law of density must 
be maintained, that is, the surfaces of equal density must be 
pontinuous with those of the surrounding fluid. 



EXAMPLES. 

1. A heavy thick rope, the density of which is double 
the density of water, is suspended by one end, outside the 
water, so as to be partly immersed ; find the tension of the 
rope at the middle of the immersed portion, 

2. Water is poured into a hollow sphere, determine the 
depth of the water when the resultant pressure is half the 
total normal pressure. 

3. A conical wine-glass is filled with water and placed 
in an inverted position on a table ; if the whole pressure of 
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the water on the glass be double its resultant pressure, find 
the vertical angle of the cone. 

4. A vessel in the form of a regular pyramid, whose base 
is a plane polygon of n sides, is placed with its axis vertical 
and vertex downwards and is filled with fluid. Each side of 
the vessel is moveable about a hinge at the vertex, and is 
kept in its place by a string fastened to the middle point of 
its base and to the centre of the polygon : shew that the 
tension of each string is to the whole weight of the fluid as 
1 to w sin 2a, where a is the inclination of each side to the 
horizon. 

5. Find the centre of pressure of a square lamina having 
one angular point in the surface of a liquid; and supposing it 
to be moved about the angular point in its own plane, which 
is fixed, and to be always totally immersed, find the locus on 
its own plane of its centre of pressure. 

6. Find the centre of pressure of an elliptic lamina just 
immersed in water; and supposing it turned round in the 
same vertical plane, so as to be always just immersed, find 
the locus with respect to its axes of the centre of pressure. 

7. A cubical box, filled with water, has a close-fitting 
heavy lid fixed by smooth hinges to one edge ; compare the 
tangents of the angles through which the box must be tilted 
about the several edges of its base, in order that the water 
may just begin to escape. 

8. A system of coaxal circles is immersed in water with 
the line of centres at a given depth ; prove that the centres 
of pressure of those circular areas, which are completely im- 
mersed, lie on a parabola. 

9. Find the centre of pressure of a semi -ellipse (axes 2a 
and a) which is bounded by a diameter inclined at the angle 

^ to its major axis, its plane being vertical, and the diameter 

in the surface. 

10. A semi-ellipse bounded by its axis minor, is just 
immersed in a liquid the density of which varies as the depth; 
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if the axis minor be in the surface, find the eccentricity in 
order that the focus may be the centre of pressure. 

11. A square lamina ABCD, which is immersed in water, 
has the side AB in the surface ; draw a line BE to a point E 
in CD such that the pressures on the two portions may be 
equal. Prove that, if this be the case, the distance between 

the centres of pressure : the side of the square :: ^505 : 48. 

12. From a semicircle, whose diameter is in the surface 
of a liquid, a circle is cut out, whose diameter is the vertical 
radius of the semicircle ; find the centre of pressure of the 
remainder. 

13. A semicircular lamina is completely immersed in 
water with its plane vertical, so that the extremity A of its 
bounding diameter is in the surface, and the diameter makes 
with the surface an angle a. 

Prove that if E be the centre of pressure and the angle 
between AE and the diameter, 

^__ 37r + 16tana 
16H-157rtana' 

14. If the depths of the angular points of a triangle 
below the surface of a liquid be a, 6, c, prove that the depth 
of the centre of pressure below the centre of gravity is 

(&-c)'+(c-a)' + (a-6)' 
12 (a + 6 + c) 

15. A plane area immersed in a fluid moves parallel to 
itself and with its centre of gravity always in the same verti- 
cal straight line. Shew (1) that the locus of the centres of 
pressure is a hyperbola, one asymptote of which is the given 
vertical, and (2) that ii a, a -h h, a -h h\ a -h K\ be the depths 
of the C.G. any positions, y, y -^ k, y -{■ k\ y -h k", those of the 
centre of pressure in the same positions, then 



k h h (k- h) 
k' K K [y - K) 
r h!' h'\k"-h'') 



= 0. 
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16. Find the centre of pressure of a segment of a parabola 
bounded by the curve and the latus-rectum, the tangent at 
one end of the bounding ordinate being in the surface. If the 
liquid rise, the parabola remaining stationary, shew that the 
centre of pressure describes a straight line. 

17. A cone is totally immersed in water, the depth of 
the centre of its base being givQu. Prove that, P, P', P', 
being the resultant pressures on its convex surface, when the 
sines of the inclination of its axis to the horizon are 5, s\ s\ 
respectively, 

P'(s'-0 + i'"(«''-5)+P'"(s-0 = 0. 

18. Find the centre of pressure of the area between the 
curve Jx + Jy = Jq,, and the axes, taking the a,xes rectangu- 
lar and one of them in the surface. 

19. A quantity of liquid acted upon by a central force 
varying as the distance is contained between two parallel 
planes ; if -4, JS, be the areas of the plaDes in contact with 
the fluid, shew that the pressures upon them are in the ratio 

9 

20. A hollow sphere is full of liquid, the density of which 
varies as (the depth)*; shew that the whale pressure on the 
surface of the sphere : the resultant pressure ::n + 3 in + l. 

21. One asymptote of a hyperbola lies in the surface of 
a fluid ; find the depth of the centre of pressure of the area 
included between the immersed asymptote, the curve, and 
two given horizontal lines in the plane of the hyperbola. 

22. A cone is imn^ersed in water with the centre of its 

5 
base at a distance of r^ of its altitude below the surface. A 

o 

paraboloid of the same base and altitude i^ s^sp immersed 

with the centre of its base at the same distance below the 

surface as that of the cone, and with its axis inclined at the 

same angle to the vertical. Find what this angle must be in 

order that the resultant pressures on the convex surfaces of 

the two solids may be equal 



■^n 
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23. A closed cylinder, very nearly filled with liquid, 
rotates uniformly about a generating line, which is vertical ; 
find the resultant pressure on its curved surface. 

Determine also the point of action of the pressure on its 
upper end. 

24. Shew that the depth of the centre of pressure of the 
area included between the arc and the asymptote of the curve 

(r — a) cos = b is J. ^ l . ^ > ^^^ asymptote being in the 
surface and the plane of the curve vertical. 

25. A cone is filled with liquid, and fitted with a heavy lid, 
moveable about a hinge; it is then made to revolve uniformly 
about the generating line through the hinge, which is ver- 
tical; find the greatest angular velocity consistent with no 
escape of the liquid. 

26. A portion of a spherical shell is cut oflF by a plane, 
and the remaining portion is placed on a horizontal plane so 
that the circular section is in contact with the plane and is 
then filled with water through a small hole at the highest 
point.- Find the largest piece which can be cut off so that, 
however light the shell may be, the water may not escape. 

In this case, prove that the whole pressure on the shell is 
to the weight of the liquid in the ratio 2 : 1. 

27. If a plane area immersed in a liquid revolve about 
any axis in its own plane, prove that the centre of pressure 
describes a straight line in the plane. 

28. A cube whose edge is 2a, and whose faces are hori- 
zontal and vertical, is surrounded by a mass of heavy liquid, 

the volume of which is Sa^{7rji5 — 1} ; the liquid is acted on 

by a force tending to the centre of the cube, and varying as 

the distance, the force at the distance a being g : find the 

form of the free surface and the pressure- at any point : also 

if one of the vertical faces of the cube be moveable about a 

horizontal line in its own plane, shew that the face will be at 

4 
rest, if this line be at a distance -= a from the lowest edge of 

o 

that face. 
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29. A solid paraboloid, cut off by a plane through the 
focus perpendicular to its axis, is completely immersed, its 
vertex being at a given depth, and its axis inclined at a given 
angle to the vertical. Find the direction and magnitude of 
the resultant pressure on its curved surface. 

30. A solid is formed by turning a parabolic area, bound- 
ed by the latus-rectum, about the latus-rectum, through an 
angle 6 ; and this solid is held under water, just immersed, 
with its lower plane face horizontal. Prove that, if ^ be the 
inclination to the horizon of the resultant pressure on the 
curved surface of the solid, 

3 sin* ^ tan ^ = 5 sin ^ - 3 sin ^ cos ^ - 2ft 

31. In the midst of a mass of fluid attracting according 
to the law of nature, and rotating in relative equilibrium 
about an axis, a small particle is introduced, and started with 
the velocity of the fluid whose place it occupies. Will it 
approach or recede from the axis ? 

32» In an infinite mass of fluid of density p, every part 
of which attracts every other part according to the law of 
nature, are placed two shells, whose internal and external 
radii are a, h and a\ h' respeotively> and densities o-, a. The 
shells also attract each other and the fluid as in nature. Find 
the resultant force on each shell, and shew that in certain 
oases this force is a repulsive one. 

S3. A given area is immersed vertically in a heavy liquid 
and a cone is constructed on It as base, the cone being wholly 
immersed i find the locus of the vertex when the resultant 
pressure on the ourved surface is constant, and shew that 
this pressure is unaltered by turning the cone round the 
horizontal line drawn through the centre of gravity of the 
base perpendicular to the plane of the base, 

34. A conical vessel, axis vertical and vertex downwards, 
is divided into two parts by a plane through its axis, and tiie 
parts are prevented from separating by a string which is a 
diameter of the rim of the vessel, and is perpendicular to the 
dividing plane, and by a hiftge at the vertex. 
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The vessel being filled with water, compare the tension of 
the string with the weight of the water. 

35. A hollow cone open at the top is filled with water ; 
find the resultant pressure on the portion of its surface cut 
off, on one side, by two planes through its axis inclined at a 
given angle to each other ; also determine the line of action 
of the resultant pressure, and shew that, if the vertical angle 
be a right angle, it will pass through the centre of the top of 
the cone. 

36. A bowl in the form of a hemisphere is filled with 
water; find the direction and magnitude of the resultant 
pressure on the upper portioa of the bowl cut off by a plane 
through its centre inclined at a given angle to the horizon. 

37. An open conical shell, the weight of which may be 
neglected, is filled with water, and is then suspended from a 
point in the rim, and allowed gradually to take its position of 

2 

equilibrium; prove that, if the vertical angle be cos"*^, the 

o 

surface of the water will divide the generating line through 

the point of suspension in the ratio 2 ; 1, 

38. A regular polygon wholly immersed in a liquid is 
moveable about its centre of gravity j prove that the locus of 
the centre of pressure is a sphere. 

39. A hemispherical bowl is filled with water, and two 
vertical planes are drawn through its central radius, cutting 
off a semi-]une of the surface ; if 2a be the angle between the 
planes, prove that the angle which the resultant pressure on 
the surface makes with the vertical 



.J /sin a\ 



40. A vessel in the form of a surface of revolution has 
the following propei*ty ; if it be placed with its axis vertical, 
and any quantity of water be poured into it, the ratio of the 
total normal pressure to the resultant vertical pressure varies 
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as the depth of the water poured in. Shew that the equation 
to the generatiog curve is 



cs = xy. 



41. Find the equation of a curve symmetrical about a 
vertical axis, such that, when it is immersed with its highest 
point at half the depth of its lowest, the centre of pressure 
may bisect the axis. 



CHAPTER IV. 



THE EQUIUBRIUM OF FLOATING BODIES. 



48. To find the conditions of equilibrium of a floating 
body. 

We shall suppose that the fluid is at rest under the action 
of gravity only, and that the body, under the action of the 
same force, is floating freely in the fluid. The only forces 
then which act on the body are its weight, and the pressure 
of the surrounding fluid, and in order that equilibrium may 
exist, the resultant fluid pressure must be equal to the weight 
of the body, and must act in a vertical direction. 

Now we have shewn, that the resultant pressure of a 
heavy fluid on the surface of a solid, either wholly or partially 
immersed, is equal to the weight of the fluid displaced, and 
acts in a vertical line through its centre of gravity. 

Hence it follows that the weight of the body must be 
equal to the weight of the fluid 'displaced, and that the 
centres of gravity of the body, and of the fluid displaced, must 
lie in the same vertical line. 

These conditions are necessary and sufficient conditions of 
equilibrium, whatever be the nature of the fluid in which the 
body is floating. If it be heterogeneous, the displaced fluid 
must be looked upon as following the same law of density as 
the surrounding fluid; in other words, it must consist of strata 
of the same kind as, and continuous with, the horizontal 
strata of uniform density, in which the particles of the sur- 
rounding fluid are necessarily arranged. 

B. H. 5 
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If for instance a solid body float in water, partially im- 
mersed, its weight will be equal to the weight of the water 
displaced, together with the weight of the air displaced ; and 
if the air be removed, or its pressure diminished by a^diminu- 
tion of its density or temperature, the solid will sink in the 
water through a space depending upon its own weight, and 
upon the densities of air and water. This may be further 
explained by observing that the pressure of the air on the 
water is greater than at any point above it, and that this sur- 
face pressure of the air is transmitted by the water to the 
immersed portion of the floating body, and consequently the 
upward pressure of the air upon it is greater than the down- 
ward pressure. 

49. We now proceed to illustrate the application of the 
above conditions, by the discussion of some particular cases. 

Ex. 1. A portion of a solid paraboloid, of given height, 
floats with its a^ads vertical and vertex downwards in a homo- 
geneous liquid, required to find its position of equilibriwm. 

Taking 4a as the latus rectum of the generating parabola, 
h its height, and x the depth of its vertex, the volumes of 
the whole solid and of the portion immersed are respectively 
^irah^ and 2'7raic^ ; and if p, a, be the densities of the solid 
and liquid, one condition of equilibrium is 



p . 27raA* = or . 27ra^ ; 

» t X S^ A / fh» 

V <^ 



which determines the portion immersed, the other condition 
being obviously satisfied. 

Ex. 2. It is required to find the positions of equilihrmn 
of a square lamina floating with its plane vertical, in a liquid 
of double its own density. 

The conditions of equilibrium are clearly satisfied if the 
lamina float half immersed either with a diagonal vertical, or 
with two sides vertical. 
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To examine whether there is any other position of equi- 
librium, let the lamina be held with the Ime DOG in the 
surface, in which case the first condition is satisfied. 

But, if the angle GO A = 6, and if 2a be the side of the 
square, the moment about of the fluid pressure, which is 
the same as the difference between the moments of the rect- 
angle AKy and of twice the triangle OBD^ 




a 



QC 2a' . ^ sin ^ — a'tan 6 . 



a sec ^ + a cos 6 



oc sin ^ (1 - tan'^) ; 



and this vanishes only when ^ = or 



4* 



Hence there is no other position of equilibrium. 

Ex, 3. A triangular prism floats witk its edges horizontal^ 
to find its positions of equilibrium. 

Let the figure be a section of the prism by a vertical plane 
through its centre of gravity. 

PQ is the line of floatation and H the centre of gravity 
of the liquid displaced. When there is equilibrium the area 
APQ is to ABU in the ratio of the density of the prism 
to the density of the liquid, and therefore for all possible 
positions of PQ the area APQ is constant ; hence PQ always 
touches, at its middle point, an hyperbola of which AB, AG, 
are the asymptotes. 

5—2 
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Also HO must be perpeDdicular to PQ, and therefore since 

AH:HE=AO:GF, 

FE must be perpendicular to PQ, that is, FE is the normal 
at ^to the hyperbola. The problem is therefore reduced to 
that of drawing normals from F to the curve. 

Let a?y = c' be the equation of the curve referred to ABy 
AC as axes, and let 

z BAG^e, AB=-2a, AG=^U. (a). 

Let X, y, be the co-ordinates of E; the co-ordinates of F 
are a, b, and the equation of the normal at ^ is 

And if this pass through F^ the co-ordinates of which 

are a, 6, 

'.. 

(6 — y) (x cos ^ — y) = (a — a;) (y cos ^ — x), 
or a? — (aH- Jcos ^a? = y'— (acos^H-6)y (fi). 

The equations (o) and ()8) determine all the points of the 
hyperbola, the tangents at which can be lines of floatation. 



EQXnLIBRIUM OF A FLOATING TRIANGLE, 69 

Also (fi) is the equation to an equilateral hyperbola, re- 
ferred to conjugate diameters parallel to AB, AC ; the points 
of intersection of the two hyperbolas are therefore the posi- 
tions of E. 

To find X, we have 

a?* — (a + 6 cos 0) .x^ + (a cos + b) (?x — c* = 0, 

an equation which has only one negative root, and one or three 
positive roots, and there may be therefore three positions of 
equilibrium or only one. 

If the densities of the liquid and the prism be p and o-, we 
have, since the area TA Q 

= i ^P . -4Q sin ^= 2a?y sin = 2c' sin 0, 

2pc^ sin = 2a-ab sin 0, 

or p(? = aah, 

from which c is determined. 

Suppose the prism to be isosceles, then putting a = 6, the 
equation for x becomes 

«*-c*-a(H-cos^) (a?»-c'a?)«0; 

from which we obtain x = c, which gives y = c, and makes BG 
horizontal, an obvious position of equilibrium, and also 

aj = |(l+cos^)± 1^(1 + cos ^)«-c«l 



= acos'2 ± (a'cos*x-c')*; 

the isosceles prism will therefore have only one position of 
equilibrium, unless 

acos*^>c; 



and, since pc"=o-a', this is equivalent to 



.0 
cos" ^ > 
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EIx. 4. Determine ike position of equilibrium of a balloon 
of given size and weight, neglecting the variations of tempera- 
ture at different heights in the atmosphere. 

K the temperature be constant, the pressure of the air at 
a height « = He *, and its density = -7^ e *, 11 being the atmo- 
spheric pressure at the level from which the height is mea- 
sured. 

The air displaced consists of a series of strata of variable 
density, and if ^r be the height of the lowest point of the 
balloon, x the distance from that point of any horizontal section 
{X) of the balloon, and h its height, the weight of a stratum 
of the air displaced is 

k 
and the whole weight of air displaced 

The form of the balloon being given, X is a known func- 
tion of Xy and if TT be the weight of the balloon and of the 
gas it contains, the height z will be determined by equating 
W to the expression we have obtained for the weight of the 
air displaced. 

50. A homogeneous solid floats, wholly immersed, in a 
liquid of which the density varies as the depth ; to find the 
depth of its centre of gravity. 

Let a, c, be the depths of the highest and lowest points of 
the solid, Zihe area of a horizontal section of the solid at a 
depth z, and fjbz the density ; 

the weight of the liquid displaced = I g^izZdz. 

J a 

Let z be the depth of the centre of gravity of the solid, 
and V its volume, then 



Vz 



= I Zzdz\ 

J a 
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therefore the weight of displaced liquid =^gfji^V, and if p be 
the density of the solid, its weight ^gpV] hence p = fiz, or 
the solid floats in such a position that the density of the 
liquid at the depth of the centre of gravity of the solid is 
equal to the density of the solid. 

51. If a solid float under constraint, the conditions of 
equilibrium depend on the nature of the constraining circum- 
stances, but in any case the resultant of the constraining 
forces must act in a vertical direction, since the other forces, 
the weight of the body, and the fluid pressure, are vertical. 

If for instance one point of a solid be fixed, the condition of 
equilibrium is that the weight of the body and the weight of 
the fluid displaced should have equal moments about the fixed 
point ; this condition being satisfied, the solid will be at rest, 
and the stress on the fixed point will be the difference of the 
two weights. 

As an additional illustration, consider the case of a solid 
floating in water and supported by a string fastened to a point 
above the surface ; in the position of equilibrium the string 
will be vertical, and the tension of the string, together with 
the resultant fluid pressure, which is equal to the weight of 
the displaced fluid, will counterbalance the weight of the 
body ; the tension is therefore equal to the difference of the 
weights, and the weights are inversely in the ratio of the dis- 
tances of their lines of action from the line of the string, 
these three lines being in the same vertical plane. 

52. For subsequent investigations, the following geome- 
trical propositions will be found important. 

If a solid be cut by a plane, and this plane be made to 
tv/rn through a very small angle about a straight line in itself, 
the volume cut off will remain the same, provided the straight 
line pass through the centre of gravity of the area of the plane 
section. 

To prove this, consider a right cylinder of any kind cut by 
a plane making with its base an angle 6. 
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Let z be the distance from the base of the centre of gravity 
of the section A\hA an element of the area of the section 
and F the volume between the planes. Then 

_ S (8^ . FN ) . 

z ^ -. « 



.-. ^cosfl^=2(S^cos^. PiV^) = F, 

or F= y (area of base). 

Now the centre of gravity of the area 
A is also the centre of gravity of all sections 
made by planes passing through it, as may 
be seen by projecting the sections on the 
base of the cylinder; it follows therefore, 
that, z being the same for all such sections, 
the volumes cut oflF are the same. 

In the case of any solid, if the cutting 
plane be turned through a very small angle 
about the centre of gravity of its section, 
the surface near the curves of section may 
be considered, without sensible error, cylindrical, and the 
above proposition is therefore established*. 

* The foUowixig form of proof may also be given. 

Let ACB^ the cutting plane, be turned through a small angle (B) about a 
line Cx^ and let AA be an element of the area. 





Then the algebraical value of the additional volume cut off is equal to 
jBydAf and, if this vanishes, fydA =0, which is the condition that the centre 
of gravity of A should lie in the axis of x ; and, taking C as the centre of 
gravity, any plane through C will satisfy the same condition. 
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In other words, the diflference between the volume lost 
and the volume gained by the change in the position of the 
cutting plane will be indefinitely small compared with either. 

53. Definitiom. If a body float in a homogeneous liquid, 
the plane in which the body is intersected by the surface of 
the liquid is the plane of floatation. 

The point H, the centre of gravity of the liquid displaced, 
is the centre of buoyancy. 

If the body move so that the volume of liquid displaced 
remains unchanged, the envelope of the planes of floatation 
is the surface of floatation, and the locus of JJ is the surface 
of hwyancy. 

54. // a plane move so as to Cfu/t from a solid a constant 
volume, and if Hhe the centre of gravity of the volv/me cut off, 
the tangent pUme at H to the surface which is the hcus of His 
parallel to the cutting plane. 

In other words, the taDgent planes at any point of the 




surface of floatation, and at the corresponding point of the 
surface of buoyancy are parallel to one another. 

We may obserye that the algebraical moment about the axis of y of the 
volmne cut off lafSxydA, which vanishes it /xydA ssO, that is, if tiie axes 
Cx, Cy be the principal axes of the area. 
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Turn the plane AOB, the cutting plane, through a small 
angle into the position aCb, the volumes of the wedges A Ga, 
BCb being equal. 

Let and ff be the centres of gravity of these wedges. 

In OH produced take a point E such that 

EH : EG :: Volume A Ga : Volume aDB. 

Join EO' and take H' such that 

EH' : HG' :: Vol. BGb : VoL aDB; 
then H' is the centre of gravity of aDb ; 

.\ EH : HG :: EH' : HV\ 

and HH' is therefore parallel to GG\ 

Hence it follows that ultimately when the angle AGa is 
indefinitely diminished, 

HH' is parallel to AGB; 

and HH' is a tangent at H to the locus of H 

This being true for any displacement of the plane AGB 
about its centre of gravity, it follows that the tangent plane 
at H to the locus of H is parallel to the plane A GB, 

55. The positions of equilibrium of a body floating in a 
homogeneous liquid are determined by drawing normals from 
Gy tiie centre of gravity of the body, to the surface of buoyancy. 

For if GH be a normal to the surface of buoyancy, the 
tangent plane at H, being parallel to the plane of floatation, 
is horizontal, and OH is therefore vertical 

The two conditions of equilibrium are then satisfied, 
and a position of equilibrium is determined. 

The problem comes to the same thing as determining the 
positions of equilibrium of a heavy body, bounded by the 
surface of buoyancy, on a horizontal plane. 

56. It should be noticed that the shape of the curve of 
buoyancy is entirely determined by the form of the bounding 
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surface, and is unaflfected by an alteration of the form of^ 
that portion of the body which always remains immersed. . 

Let HQ be an arc of the surface of buoyancy for a 
boundary BACy and an immersed volume V, and imagine 
a volume v, the centre of gravity of which is A, to be cut oflf. 




Taking hH' \KR whQ \ HQ -V iV-v, the surface 
HQ is the new curve of buoyancy which is obviously similar 
to the surface HQ, 

57. Particular cases of curves of buoyancy. 

For a triangular prism, as in Art. 49, the curve of floatation 
is the envelope of PQ, which is an hyperbola having AB, 
AC for asymptotes ; and, since AH=^^AE, the curve of 
buoyancy is a similar hyperbola. 

If the body be a plane lamina bounded by a parabola, 
the curves of floatation and buoyancy are equal parabolas. 

If the boundary be an elliptic arc, the curves are arcs of 
similar and similarly situated concentric ellipses. 

If the immersed portion of a lamina (or prism), be a 
rectangle, the curve of floatation apparently is a single point, 
and the curve of buoyancy is a parabola. 

To prove this, let H, H' be positions of the centre of 
gravity corresponding to the positions ACB, AGH of the 
line of floatation. 

Then, if AG^GB^a, BE=-^, CH^c, and /S=the 
area cut off, 
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and 
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This is a particular case of the triangular prism, and, as 
in that case, the curves of floatation and buoyancy are similar 
curves, the fact being that the curve of floatation is a para- 
bola, with its vertex at (7, flattened down to a straight line. 
The identity of the cases will be clearly seen by the applica- 
tion of a powerful microscope to the figure, capable of en- 
larging the evanescent parabola to a visible size. 

58. If the body be a lamina bounded by an hyperbolic 
arc, the curves are similar hyperbolas. 
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Thus, if QVQ be a Kne of floatation, and if 2a', W be the 
diameters conjugate and parallel to QQ[^ inclined at an angle 
6y so that a'6' sin ^ = a6, 

c^y 

the area (^YG = 2/ -7 V^j^ - a" sin ddx 

J a' ^ 

so that the ratio of x' to a, that is, of GV to CP is constant 
Moreover, 

(area) {GH) = 2^ sin IxJ a? - a" dx 



=i"*&-^)"'' 



and therefore the ratio of GH to GP is constant. 

These results can also be obtained by purely geometrical 
reasoning. 

59. If the floating body be such that the boundary of the 
portion immersed is the surface of an ellipsoid, it is easily 
seen that the surfaces of floatation and buoyancy are portions 
of similar and similarly situated concentric ellipsoids. For if 
the boundary be a portion of a spherical surface, this is ob- 
viously true, and the sphere can be homogeneously strained 
into an ellipsoid. 

60. A solid of revolution floats in a liquid which rotates 
uniformly, 05 if solid, about a vertical axis, the aods of the 
solid coinciding with the axis of rotation ; required to find 
the condition of equilibrium. 

In a mass of rotating liquid, suppose a surface of revo- 
lution described, having its axis coincident with the axis of 
rotation, and consider the equilibrium of the liquid within 
this surface. The resultant of the fluid pressures upon the 
liquid must be equal to its weight, and the same pressures 
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being exerted on the surface of any solid occupying the 
same space, it follows* that any such solid will be in equi- 
librium, if its weight be equal to the weight of the fluid it 
displaces. 

It will be seen moreover that it is quite indifferent 
whether the solid rotate with the fluid, oi with a different 
angular velocity, or be at rest. 

Ex. A cylinder floats in rotating liquid ; to find the 
depth to which it is immersed. 

If ft) be the angular velocity, the equation to the gene- 
rating parabola of the free surface, taking its vertex as the 
origin, is ft>y = 2gz, and if z be the depth of the base of the 
cylinder below the circle of floatation, that is, the circle in 
which the free surface intersects the surface of the cylinder, 
and c the radius of the cylinder, the volume of the displaced 
fluid is the difference between the volume of a height z of 

ft>V 
the cylinder, and the volume of a height -^- of the para- 
boloid. 

Hence, if o- be the density of the cylinder and p of the 
fluid. 



cT7rc% = p(7rc»«-^^j, 



and z = - h + -. — . 
P ^9 

61. A more general case is that of a body floating, 
wholly or partially immersed, in a liquid at rest under the 
action of any given forces, the same forces being supposed 
to act on the molecules of the body. 

If the body be in equilibrium, the resulting force upon it 
will be equal to the resulting force on the liquid displaced, 
and the lines of action of the two forces will be the same. 
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For, if the body be removed, and its place occupied by the 
displaced liquid, the resulting pressure of the liquid upon the 
body will be the same as upon the displaced liquid, and will 
therefore be equal and opposite to the resultant force upon 
the displaced liquid. 

Ex. A mass of liquid is at rest under the action of a force 
to a fixed point varying as the distance, and a solid in the form 
of a spherical sector is at rest partly immersed in it, with its 
vertex at the fijxed point ; it is required to compare the densities 
of the liquid and the solid. 

In the state of equilibrium, let r be the radius of the free 
surface of the liquid, and a the radius of the spherical sector. 
The volumes of the sector and of the displaced liquid are in 
the ratio of a* to r^; and the distances of their centre of 
gravity from the centre of force are in the ratio of a to r ; 

.•. if p and a be the densities, pa*^ = err*. 

62. Potential energy stored up by the immersion of a solid 
in a liquid. 

If a solid body be immersed in a vessel containing liquid, 
work is done, and therefore potential energy is gained by the 
elevation of the centre gf gravity of the liquid. 




Let X be the depth of liquid, z the depth of immersion of 
the "solid, X and Z the corresponding areal sections of the 
vessel and the solid, V the volume of liquid, and V of the 
immersed portion of the solid. 
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Then, 

Jo J 

and the increase of potential energy is the variation of the 
expression gp VXy due to an increase hxmx. 

Taking gp = 1, this variation 

^Xoc&X'-{hx-hz) F'- (a?- z) ZSz-ZzSz, 
and, observing that 

V^rX'dx'-Tzdz^ 

and that 

XSx = ZBzy 
the variation = F' (Sz — Sx). 

This result can of course be obtained at once by observing 
that F' is equal to the resultant vertical pressure on the 
solid, and that Sz^Sx ia the descent of the solid due to the 
ascent Sx of the liquid. 

EXAMPLES, 

1. Prove that a homogeneous solid, in the form of a right 
circular cone, can float in a liquid of twice its own density 
with its axis horizontal, and find, in that case, the whole 
pressure on the surface immersed. 

2. A solid formed of two co-axial right cones, of the same 
vertical angle, connected at the vertices, is placed with one 
end in contact with the horizontal base of a vessel : water is 
then poured into the vessel ; shew that if the altitude of the 
upper cone be treble that of the lower, and the common den- 
sity of the spindle four-sevenths that of the water, it will: be 
upon the point of rising when the water reaches to the level 
of its upper end. 
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3. A cone, placed with its axis vertical and vertex down- 
wards in a liquid, floats with half its axis immersed, and, when 
placed in another liquid, it floats with three-fourths im- 
mersed : in what proportion must these be mixed, that it 
may float in the mixture with two-thirds of the axis im- 
mersed ? 

4. A cone, of given weight and volume, floats with its 
vertex downwards; prove that the surface of the cone in 
contact with the liquid is least when its vertical angle is 

2 tan"' ^ 



V2' 

5. A triangular lamina ABC, right-angled at C, is at- 
tached to a string at A, and rests with the side AG vertical 
and half its length immersed in liquid ; prove that the den- 
sity of the lamina is ^ths of the density of the liquid. 

6. A square board is placed in liquid of four times its 
density; shew that there are three different positions in 
which it will float with one given corner only below the 
surface of the fluid. 

7. A body is floating in water ; a hollow vessel is in- 
verted over it and depressed : what effect will be produced in 
the position of the body, (1) with reference to the surface of 
the water within the vessel, (2) with reference to the surface 
of the fluid outside ? 

8. A hollow hemispherical shell has a heavy particle 
fixed to its rim, and floats in water with the particle just 
above the surface, and with the plane of the rim inclined at 
an angle of 45° to the surface ; shew that the weight of the 
hemisphere : the weight of the water which it would contain 

::4V2-5 : 6^2. 

9. A sphere of given radius floats in equilibrium in a 
quantity of water contained in a cylindrical vessel, revolving 
uniformly about its axis which is vertical; the velocity of 
rotation is such that the centrifugal acceleration at a distance 
from the axis equal to the radius of the sphere is equivalent 
to the acceleration of gravity ; prove that the whole pressure 
upon the sphere varies as the cube of the surface immersed. 

B. H. 6 
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10. A cone of semi-vertical angle 30** and axis h floats 
with its axis vertical and vertex downwards in a fluid whose 
density is one-third greater than its own ; shew that the rim 
of its base will be just immersed if the fluid rotate, as if rigid, 

with angular velocity jsJ f about a vertical line coinciding 
with the axis of the cone. 

11. A solid cone is divided into two parts by a plane 
through its axis, and the parts are connected by a hinge at 
the vertex ; the system being placed in water with its axis 
vertical and vertex downwards, shew that, if it float without 
separation of the parts, the length of the axis immersed is 
greater than h sin* a, h being the height of the cone, and 2a 
its vertical angle. 

12. A cone, the vertex of which is fixed at the bottom of 
a vessel containing water, is in equilibrium, with its slant side 
vertical and tfie lowest point of its base just touching the 
surface. Compare the density of the cone with that of the 
water. 

13. The curved surface of a cup is formed by the revolu- 
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tion of a portion of the curve y = hef^ about its asymptote. It 
floats in liquid with its axis vertical and narrow end down- 
wards, and a heavier liquid is poured into it. Shew that 
if the cup be made of proper weight, the distance between 
the surfaces of the two liquids will be constant. 

14. A cylinder floats in a liquid with its axis inclined at 

2 
an angle tan"^ - to the vertical, and its upper end just above 

4 
the surface ; prove that the radius is ^ of the height of the 

cylinder. 

15. Two rods of the same substance have their ends 
fastened together, and float in a liquid with the angle 
immersed ; shew that the curve of buoyancy is a parabola 

16. Find the surface of buoyancy in the case of a cone 
floating with its vertex immersed. 
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17. A hollow hemispherical cup is closed by a lid of the 
same small thickness and of the same substance ; shew that^ 
if it float in a liquid with its centre in the surface, the in- 
clination of the lid to the vertical will be 11° 15'. 

18. A right circular cone has a plane base in the form of 
an ellipse ; the .cone floats with its longest generating line 
horizontal; if 2a be the vertical angle, and 13 the angle 
between the plane base and the shortest generating line, 
shew that 

cot 3 = cot 4a — ^ cosec 4a. 

5 

19. If the height of a right circular cone be equal to the 
diameter of the base, it will float, with its slant side hori- 
zontal, in any liquid of greater density. 

20. A cone, whose height is h and vertical angle 2a, has 
its vertex fixed at distance c beneath the surface of a liquid ; 
shew that it will rest with its base just out of the liquid if 

ac^ . cos'a . cos^ = ph^ [cos (^ — a) . cos {0 + a)]*, 

where <r and p are the densities of the liquid and cone, and 
is given by the equation c cos a = A cos (0 + a). 

21. A tetrahedron floats in water with one corner im- 
mersed. The three edges which meet in this corner are equal 
and mutually at right angles. Shew that there are one, two, 
or three distinct positions of equilibrium, according as the 
ratio of the density of the tetrahedron to that of the water is 
greater, equal to, or less than 4 : 27. 

22. A hemispherical shell (radius 2a) containing water 

rotates with an angular velocity a/ ^^ about its axis which is 

vertical : a sphere (radius a) rests on the water with its lowest 
point in contact with the shell without pressure on it. If the 
free surface passes through the rim of the shell, shew that 

density of sphere : density of water :: 128 : 189. 

23. An isosceles triangular lamina ABC, right-angled at 
C, floats with its plane vertical and the angle C immersed, in 

6—2 
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a liquid of which the density varies as the depth ; prove that, 

if -7 + ^ be the angle which AB makes with the vertical, in 

either of the positions of equilibrium in which AB is not 
horizontal, the value of ^ is given by an equation of the form 

m sin'd cos*d == (sin + cos ff)\ 

24. A right circular cylinder, whose axis is vertical, con- 
tains a quantity of liquid, the density of which varies as the 
depth, and a right cone whose axis is coincident with that of 
the cylinder and which is of equal base, is allowed to sink 
slowly into the liquid with its vertex downwards. If the 
cone be in equilibrium when just immersed, prove that 
the density of the cone is equal to the initial density of the 
liquid at a depth equal to ^th the length of the axis of the 
cone. 

25. A quantity of liquid, the density of which varies as 
the depth, fills an inverted paraboloid, of latus rectum c, to a 
height h ; prove that, if it be poured into a vessel of the form 
generated by the revolution round the axis of x of the curve, 

c&y = 2ch*x (a — x) (2a — x), 

where a is any constant, its density will vary as the square of 
its depth. 

. 26. A solid cone, of height h, vertical angle 2a, and 
density p, is moveable about its vertex, and its vertex is fixed 
at a depth c below the surface of a liquid, the density of 
which, at a depth z, is fiz. The cone is in equilibrium with 
its axis inclined at an angle to the vertical, and its base 
above the surface ; prove that 

/ic* cos'a cos = 5/)A* (cos ^ + a cos ^ — a)^. 

27. A hollow paraboloidal vessel floats in water with a 
heavy sphere lying in it. There being an opening at the 
vertex, the water occupies the whole of the space between the 
vessel and the sphere. If the resultant pressure on the sphere 
be equal to half the weight of the water which would fill it, 
shew that the depth of the centre of the sphere below the 
sur&ce of the water is 4a* 4- 3c, where 4a is the latus rectum 
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of the paraboloid, and c the distance of the plane of contact 
from the vertex. 

28. A right cone floats with its vertex downwards in 
a fluid of which the density varies as the depth. Shew that 
if its axis can make an angle with the vertical in a position 
of equilibrium, then 

5 cos a sec 6 (cos* — sin* a)^ = 4 a/ — , 

where a is the semi-vertical angle of the cone, a its density, 
p that of the fluid at a depth equal to the slant side of the 
cone. 

29. A right-angled triangular prism floats in a fluid of 
which the density varies as the depth with the right angle 
immersed and the edges horizontal ; the curve of buoyancy is 
of the form 

» 

r* sin* cos* = c\ 



CHAPTER V. 

THE STABILITY OF THE EQUILIBRIUM OF FLOATING BODIES. 

63. If a floating body be slightly displaced, it will in 
general either tend to return to its original position, or will 
recede farther from that position; in the former case the 
equilibrium is said to be stable, and in the latter unstable, for 
that particular direction of displacement. 

Consider first a small vertical displacement: it is clear 
that, if the body be floating partially immersed in homogene- 
ous fluid, or if it be immersed, either wholly or partially, in a 
heterogeneous fluid of which the density increases with the 
depth, a depression will increase the weight of the fluid dis- 
placed, and on the contrary an elevation will diminish it ; in 
either case the tendency of the fluid pressure is to restore the 
body to its position of rest, and the equilibrium is stable with 
regard to vertical displacements. This, it will be observed, is 
omy shewn to be true of rigid bodies ; if the increased pres- 
sure, caused by depression, have the effect of compressing any 
portion of the floating body, the equilibrium is not necessarily 
stable, and in fact it may be unstable. 

An arbitrary displacement wiU in general involve both 
vertical and angular changes in the position of the body ; if 
however the displacement be small, as we have supposed to 
be the case, the effects of the two changes of position can be 
treated independently ; and we proceed to consider the effect 
of a small angular displacement, on the supposition that the 
weight of flSid dispLed remains unch^W and conse- 

3uently that the fluid pressure has no tendency to raise or 
epreas the centre of gravity of the body. 



EQUILIBRIUM OF A FLOATING BODY. 



87 



64. A solid, floating at rest in a homogeneous liquid, is 
made to turn through a very small angle in a given vertical 
plane; to determine whether the fluid pressure will tend to 
restore it to its original position or not 

Suppose the volume of liquid displaced to remain un- 
changed, and that the centre of buoyancy remains in the 
vertical plane of displacement through HQ. This will be the 
case if ON be a principal axis of the plane of floatation. 

Let AEG be the original plane of floatation and BGb the 
water-line after displacement through a small angle 0, Q the 
centre of gravity of the solid, H of the fluid originally dis- 
placed, and V the volume of the fluid displaced. 




In the second figure ON is the line of intersection of the 
two planes A Ga, BGb, which is perpendicular to the plane 
A CB, in the first figure. 




The resultant fluid pressure is the weight of BDab acting 
upwards, and is therefore equivalent to the weight of ABa, 
or gpV, acting upwards through H, of the wedge aGb acting 
upwards, and of the wedge AGB acting downwards. 



88 EQUIUBRnTlf OF A FLOATING BODY. 

These wedges being equal, the resultant action of the two 
wedges is a couple, the moment of which about G is equal to 
its moment about G. 

Taking for convenience gp as unity, the weight of an ele- 
ment PN of one of the wedges 

where x = CN, and y = PN\ and the distance from CN of its 
centre of gravity is \y ; 

.'• the moment about CN of the wedges 

where A is the area of the section A Oa of the body by the 
plane of floatation, and k its radius of gyration relative to the 
line CN. Hence the restorative moment of the fluid pressure 
about a horizontal axis through G, parallel to CN, 

= (AJ(^-'V.HG)0; 

and if this moment is positive the solid tends to return to its 
original position, i.e. the equilibrium is stable 

when HG < -^ , 

and conversely, is unstable 

when HG>-y^. 

If M be the point in HG through which the resultant ver- 
tical pressure of the fluid acts, in other words, if the vertical 
line through the centre of buoyaucy meet HG in M, the 
moment is 

r. GMsind, 

or r{HG-HM)0; 
... HM^~, 

and the equilibrium is stable or unstable according as HM> 
or < HG. 

The point M is called the metacentre. 
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I{ H0 = -^, that is, if if and O coincide, the equilibrium 

is said to be neutral. 

Replacing gp, it will be seen that the restorative moment, 
for a displacement through a small angle 0, is 

gp0 {Ak^ - r . HO). 

65. We have assumed, in the preceding investigation, 
that the centre of gravity of the displaced liquid remains in 
the vertical plane of displacement passing through HQ; when 
this is not the case, the expression 

gp{AI(?--V.HO)0, 

will still represent the moment of the fluid pressures, but the 
line of action of the resultant fluid pressure will not neces- 
sarily lie in the plane ABa. 

Let X be the distance measured in the direction CW, 2nd 
figure, of the vertical through the centre of gravity (jff') of 
the solid JBab, then 

Vx =/gp0 xy dA, 

so that X depends upon the product of inertia of the area, and 
vanishes when Gos and Cy are principal axes. 

If the projection of the vertical through jff' on the plane 
ABa meet HO in M, the moment of the fluid pressures about 
G will still be represented by V . GM0, and therefore as in 
the previous case V . HM = IcAy and if rotation in the direc- 
tion of the plane ABa only be allowed, the position of the 
point M defines the stability of the equilibrium. 

66. It must be observed that the above investigation is 
essentially statical ; it is simply an inquiry into the airection 
in which the moment of the fluid pressure about a certain 
horizontal axis through O is acting in the position of dis- 
placement contemplated. 

Considered dynamically, if the horizontal axis through O 
be not a principal axis, the forces introduced by displacement 
will cause accelerations about other axes through G, and will 
consequently produce rotations about varying axes. 



90 



METACENTBE. 



Moreover a rotation about O would, except in the case in 
which E and G are coincident, cause a change in the quantity 
of fluid displaced, and vertical oscillations would therefore 
ensue. 

67. The question of stability may be treated somewhat 
differently. 

Defining the metacentre as the point of intersection with 
the line HG of the vertical line through the new centre of 
buoyancy after a slight displacement, we are led to the fol- 
lowing theorem ; 

The metacentre is the centre of curvatv/re of the curve of 
huoyancy at the point in the sa/me vertical line with Q. 

This is at once obvious from the fact that the point M is 
the point of intersection of consecutive normals to the curve. 

Hence it appears that for any displacement, consistent 
with the condition that the volume displaced remains the 
same, the direction of the fluid pressure is always a vertical 
tangent to the evolute of the curve of buoyancy. 

68. From the preceding theorem we can determine the 
expression for the height of the metacentre above the point H, 

Let H be the centre of gravity of the volume ABB, and 
H' of aDb, aCA being a small angle ft 

Then, if a be an element of the area of the plane of 
floatation, 
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H'N\ HNy perpendiculars upon the vertical line through G, 
H'N\ V-HN.V^XiOn.e.a.Cnj + XiGn.e.a'.Cn:), 

or H'L, r=0AI(?; 

but if ilf be the centre of curvature at H, 

H'L=^H'M.e = HM,e, 

.-. V.HM^l^A. 

The restorative moment, for a small displacement 0, 
^gpV. HM . e = gp0{Ali?^V .HG), 

69. The preceding article assumes that the vertical line 
of action of the fluid pressure, after a slight displacement, in- 
tersects HO, This will be true only when the plane of dis- 
placement is a principal section, at jff, of the surface of 
buoyancy. When this is not the case, the projection of the 
line of action on the vertical plane of displacement will inter- 
sect HG in a point M, which will be the centre of curvature 
of the normal section of the surface. 

The radius of curvature of any normal section at jET, of the 

A¥ 
surface of buoyancy, is therefore -^r^ , and, if / and /' be the 

principal moments of inertia of the plane of floatation at its 
centre of gravity, the principal radii of curvature, at -ff, of the 
surface of buoyancy are 

y and^, 

and the principal sections are parallel to the principal axes 
of the plane of floatation. 

70. A most important case naturally presents itself; that 
is, the question of the stability of equilibrium of a ship when 
displaced by rolling. 

In this case the vertical plane through HO^ perpendicular 
to the plane of displacement, divides the floating body sym- 
metrically, and consequently the vertical line HO passes 
through the point in the plane of floatation. 
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The line HQ also divides the curve of buoyancy symmetri- 
cally, and the point £^ is a point of maximum or minimum 
curvature. In the first of these two cases the cusp of the 
evolute is pointed downwards; in the second case it is pointed 
upwards. 





The figures at once shew the effects of displacement. 

In the first case the righting moment, which is the stati- 
cal measure of stability for a given angle of displacement, is 
proportional to OY the perpendicular from O on the tangent 
jPQf and increases with an increase in the angle of displace- 
ment. 
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In the second case, the righting moment increases to a 
maximum value, and then diminishes, vanishing for the 
position given by the tangent OQ'P', 

This is a position of equilibrium, but it is of unstable 
equilibrium, in accordance with the general mechanical law 
that positions of stable and unstable equilibrium occur alter- 
nately. 

K the equation to the curve of buoyancy be obtained in 
the form p =/(^), G being the origin, 

and the righting moment is 

if TT be the weight of the ship. 

In general the curve of buoyancy, for moderate displace- 
ments, is approximately an arc of an hyperbola ; in the case 
of a * wall-sided ' ship, that is of a ship with the sides vertical 
near the water-line, the curve is an arc of a parabola. 

71. Taking the case of a ship floating upright, the 
expression for the radius of curvature of a transverse section, 
2 A, of the surface of floatation is 

_ jy^ tan ads 

ds being an element of the perimeter of the water-section, 
and a the inclination of the side of the ship to the vertical. 

To prove this, let C be the centre of gravity of a section 
through G making a small angle with the water-section 
ACB, and let aGb be the projection of the perimeter of the 
new section upon the water-section, E being the projection 
of C^. 

Taking PQ = ds, and drawing Pp and Qq normals to the 
perimeter, the element of area PQqp = yO tan aids ; 

. • . CE^ {A) = 2 iy^e tan ads, 

and, since CC = r^O, and GE= CC ultimately, it follows that 

rj-4=/y'tanacfe. 



94 



IfETACENTBE. 




an expression first given by Mons. C. Dupin, in a memoir 
given to the Acad^mie des Sciences in 1814. 

A corresponding expression obviously exists for the radius 
of curvature {JR^ of the longitudinal section. 

72. Calling r and B the metacentric heights for trans- 
versal and longitudinal displacements, that is, the radii of 
curvature of transverse and longitudinal sections of the 
surface of buoyancy ; we know that 

r = T^ and M = ^ , 

where i smd / are the principal moments of inertia of the 
water-section. 

Mons. E. Leclert has established the following relations 
between these quantities ; 

^'''dV^'^'dV' ^^-dF""^"*" ^ dV 

A translation of Leclert's paper is given by Mr Merrifield 
in the Proceedings, for 1870, of the Institution of Naval 
Architects^ and in the Messenger of Mathematics, March, 1872. 
The following is the first of the two proofs which are given. 

Taking a section parallel to the water-section, and at a 
distance dz from it, 

dV=-Adz, 
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Let apqb be the projection of this new section upon the 
water-section ; then di is the moment of inertia of the area 
between ah and AB ; 

.'. di = Sy'cfo . tan a cb, 
di 



and -7-=/y'tana[(fo, 



dz 



Hence 



1 ^di di 






' Adz dV 
di i Vdi — idV 



^""rfF F" 
Vdr 



VdV 



73. We now append some examples of the determination 
of the metacentre. 

Ex. 1. A solid cylinder of radius a and length h floating 
wiih its aads vertical 

In this case the plane of floatation is a circular area, and 

^0 •'0 

IT 

^ia^ I coa^O d0, putting a? = a sin 0, 

•'0 

_ Tra* 
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therefore, if A' be the length of the axis immersed, 



and the equilibrium is stable if 

a h h! 

Ex. 2. A cylinder floating vnth its oasis horizontal and 
in the surface is displaced in the vertical plane through the 
aais. 

The plane of floatation is a rectangle, and 

AIc^ = iah\ 
h being the length of the cylinder, and a its radius ; 

and the equilibrium is stable, if 

h^ 4a 
*7ra^37r' 

or h>2a. 

Ex. 3. A solid cone floating with its axis vertical and 
vertex downwards. 

Let h be the length of the axis, 

z the portion of the axis immersed, 
2a the vertical angle of the cone. 

Then Ak" ^ {wz^ tan* a, 

and F= J 7r«' tan' a ; 
/. jEril/ = f^tan"a; 
sisoHG = ih-iz, 

and therefore the equilibrium is stable or unstable, according 

as 

z tan' a> OT <h — z, 

or z> 01 <h cos' 0. 
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But if /}, tr, be the densities of the fluid and cone, 



W ""p' 



p 

therefore the equilibrium is stable or unstable as 

- > or < (cos a)*. 
P 

Ex. 4. An isosceles triangular prism floating with its base 
not immersed, and its edges horizontal. 

Referring to Art. 49, consider first the position of equi- 
librium in which the base is inclined to the horizon. 

In this case, if AQ = 2y and AP = 2x, x and y are given 
by the equations 

^ + y = 2a cos' ^ , 

xy = c*. 

The co-ordinates of Q and H referred to AB, AC sls axes 
are respectively, 

fa, fa, andfa?, |y, 

/.HG*=-i{{a-xY + {a-yy+2{a^x)(a'-y)cos0} 

=^ ^ [a^+f'\-2xy cos e-ia {1+COS0) {x+y) +2a''(l+cos0)], 

from which, by means of the above equations, we obtain 



HQ==^ f sin 2 (a*' cos* ^ - c*;4. 

The area PAQ = 2c' sin 5, and if M be the metacentre, 
and I the length of the prism, 

2lc^ sin , HM^-^~ .PQ A, 

24c sm 
But PQ' = 4 (a;' + y' - 2xy cos 0) 

= 16 cos" ^ (a' cos' ^ - c') ; 

B. H. 7 
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'''2 ,. .0 



.: HM = i— -^ {a' cos' "^-c')i, 

2 



0*810 tr 



and HM>HG, if c» sin' | < cos' f (a' cos' ? - c*). 

I.e. if cos^> - . 
2 a 

Next, consider the case in which the base is horizontal, 
and PQ therefore parallel to BC, 

The area PAQ = 2c* sin 0, 

AP=^AQ = 2c, andPQ = 4osin2. 



5in TT 
Hence, -53f=fc— ^-, and jEf(T = |(a — c) cos^ , 



''^ 2 __ , . ^ 



cos 2 

andirif>^(?ifcos«f <-. 

2 a 

Now in the Art. 49, before referred to, we have shewn that 

there are three positions of equilibrium, or one only, according 

as 

^0 c 

cos s > or < - . 
2 a 

Hence it follows, that when there are three positions of 
equilibrium, the intermediate one, in which CB is horizontal, 
is a position of unstable equilibrium, while in the other two 
positions the equilibrium is stable. 

If there be only one position in which the prism will rest, 
its equilibrium is stable. 

It will be a useful exercise for the student to obtain these 
results by investigating the equation to the curve of buoy- 
ancy, and determining the position of its centre of curvature. 

74. Finite displacements. If a solid body, floating in 
water, be turned through any given angle from its position 
of equilibrium, then, as before, the moment of the fluid pres- 
sure is restorative or not according as the point L at which 
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the vertical through the new centre of buoyancy meets the 
line HG is above or below 0. 

It is not to be inferred that if L is above O, the body 
will when set free return to its original position and oscillate 
through it, or even that the original position is one of 
stable equilibrium, according to our previous definition of 
stability : it is a general law of mechanics that positions of 
stable and unstable equilibrium occur alternately, and the 
body may have been displaced from its original position 
through other positions of equilibrium. 

As a particular example take the following. 

A solid cone, floating with its axis vertical and vertex 
downwards, is turned through an angle in a vertical plane, 
the volume of fluid displaced remaining the same; to deter- 
mine the direction of the moment of the fluid pressure. 

Let AB be the major axis of the elliptic section made by 
the surface plane of the fluid, G its middle point, Aa^ Bb, Cc, 
lines at right angles to AB, and let the angle A VB = 22 and 
r^=d Then 

VAa^e-a, and VBb = 7r -0" a. 




7—2 
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I 



dcos ^ 
cos {0+a)' 



.\ VL = ld 



cos 5 



COS {0 + 0)* 

The semi-minor axis of the ellipse AB is a mean propor- 
tional between the perpendiculars from A and 5 on the axis 
of the cone, 

.-. its area =Tr^AB {VA . VB . sin'a)* 



TT 79 sin a sin 2a icos 



(^-a)]* 



2 cos (^ + a) * (cos {6 + a)\ 
therefore the volume of the fluid displaced 

= ^ d cos (5 — a) . (area of ellipse) 

1 J8 • 8 f cos (0 - a)] * 

= 4 7rcrsmacosa -^ >7rT -\r • 

^ [cos (5 + a)J 

Hence, if p, o-, be the densities of the fluid and the cone, 
since the weight of the fluid displaced is equal to that of the 
cone, we have 

jg . J fcos(^-a)]* ,g^ J 

par sm a cos a \ ^^^ }^ , J^ \ = a-hr tan a, 



or 



cos {0 + a)J 

/dy ^ f [ cos (0 + g)] ^ 1 
\A/ /o [cos (^ — a)j cos' a * 



And VL > VG if 



^ cos g ^ ^ 

d 7W—. — r > ft, 



or if 



cos {0 + a) 

^ fa cos a cos (^ + or) Jcos (0 — a) r 
V /o cos ^ ' [cos (6> + a)j 



Supposing indefinitely small, we obtain the condition of 
stability for an infinitesimal displacement, 

-> cos"a : as before, Ex. 3, Art. 73. 
\l p 
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Let the equilibrium of the cone be neutral, that is, let 

<r = p cos® a, 

then, after a finite displacement, the action of the fluid will 
tend to restore the cone, to its original position, if 

cos a . cos ^ > \/{cos (5 + a) . cos {0 — a)}, 

a condition which is always true, a and being each less than 
a right angle. 

In the case of neutral equilibrium of a cone, the equili- 
brium may therefore be characterised as stable for any finite 
displacement. 

75. When liquid is contained in a vessel, which is 
slightly displaced from its original position, the preceding 
investigations enable us to determine the line of action of the 

resultant downward pressure. 

* 

The problem in fact in this case, as in the previous case, 
is the following. 

A given volume, the centre of gravity of which is jBT, is 
cut from a solid ABGhy a plane, and the line GH is perpen- 
dicular to the plane ; the same volume being cut off by a 
plane making a very small angle with the plane AB, to 
determine the position of the straight line perpendicular to 
the second plane, and passing through the centre of gravity 
of the volume cut off by it. 

If the interior surface of the vessel is symmetrical with 
respect to the plane through -ff perpendicular to the line of 
intersection of the two planes, the line whose position is 
required will intersect CH in a point if, the metacentre, the 
position of which is determined by our previous results. 

76. A hollow vessel containing liquid^ floats in liquid; re- 
quired to determine the nature of the equilihriumy supposing 
that the body is symmetrical with respect to the vertical plane 
of displacement through its centre of gravity y and that the 
centres of gravity of the body and of the liquid are in the same 
vertical line. 
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Let M be the metacentre for the displaced fluid, and M' 
for the contained fluid, TT, W\ the weights of the displaced 
and contained fluid*. 

Taking moments about G, the centre of gravity of the 
vessel, the resultant fluid pressures will tend to restore equi- 
librium, or the reverse, according as 

W . GM^W .GM 



is positive or negative, i.e. as 

W 



GM 



Ex. ^A hollow cone containing water floats in water with 
its axis vertical. 

Let h = the length of the axis of the cone, 

K = the length of the axis in the contained fluid, 

z = the length beneath the surface of the external 
fluid. 

Taking 2a as the vertical angle of the cone, we have 

^Jlf=|^tan"j. 

* This is the case of a leaky ship rolling; the next article discusses the 
pitching of a leaky ship. 
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But ^(? = fA-f«; 

.-. GM= f z sec'a — § A. 

therefore the equilibrium is stable if 



Similariy 
also 



© 



» 9A' sec'a - Sh 
> 



9z sec'a - 8A ' 
-s: being given by the equation 

W—W^^ gpnr tan'a (/ — A'*) = weight of cone. 

77. In the case in which the centres of gravity of the 
contained and of the fluid displaced are not in the same 
vertical, suppose the displacement to take place in direction 
of the vertical plane through the centres of gravity, and thq-t 
the body is symmetrical with respect to that plane. 

Let G be the centre of gravity of the body, H of the fluid 
displaced, if' of the contained fluid, and if, M', the meta- 
centres. 




Also let GNN' be horizontal in the position of equili- 
brium, and GLU the horizontal line through G in the dis- 
placed position. 

Then TT, W\ having the same meanings as before, and 6 
being the angle of displacement, the equilibrium is stable or 
unstable, as 



104 CONSTRAINT. 

W.GL>oY<iW .GL\ 
or 

ir(G.Vcos e + JtflVsin ^ > or < B" (ff.V cos 5 + JTA"' sin 5), 

Le. since W . GA^= IF . GN\ 

as TIP, > or < 



78. Stabilifif of the equilibrium of bodies floating under 
constraint. 

In those cases of constraint, in which, for a small displace- 
ment, the volume of liquid displaced remains unchanged, the 
theory of the metacentre determines the line of action of the 
fluid pressure, and the question of stability is then easily 
determined. 

Suppose, for indtanc^, that a body, pd:rtial)y immersed, is 
moveable about a horizontal axis, which is vertically beneath 
the centre of gravity {(J) of the plane rf section of the body 
by the surface of the liquid. 

The effect of a displaeemeirt through a small angle 6 will 
be to depress the point C through a space which depends 
upon ^, and therefore, to the first order of small quantities, 
the volume displaced remains unchanged, and the metacentre 
is the same as if (7 ren^ined in the surface. 

If the body be moveaUe about a horizontal axis which is 
not vertically beneath the point C, the change in the volume 
displaced cannot be neglected, and the question of stability 
must be treated by a direct consideration of the action of the 
displaced liquid. 

Ex. A rectangular lamina rests in a liquid of twice its 
oivn density with two of its sides verticcU, and is moveable in 
its own plane about the middle point of one of its vertical 
sides. 

The figure represents the lamina when slightly displaced 
through an angle AOB, {$), the point which is in the 
surface beiog the middle point. 
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Then if OA = a, and if the height = 26, the area 

and, taking moments about 0, the equilibrium is stable if 

2/j ( ^ a»5 . 1 a + a6 . OiV^ ) > /) . 2a 6 . 1 , 
HN heing the vertical through H; 

or, since ON^ 0^ eos^-iTG sin ^ = | -| ^, 

if, 2a* > 361 

79. In the particular case in which the centre of gravity 
of the body and the axis about which it is moveable are iu 
the surface of the liquid, a formula can be given, for the 
determination of stability, analogous to that of Art. 64. 
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Taking Oy as the axis, and V as the volume of displaced 
liquid. 

Loss of moment due to the displacement of H 

and restorative moment due to the increase of the displaced 
liquid 

Al^ being the moment of inertia about Oy of the area of the 
plane of floatation ; 

.'. the equilibrium is stable, if A]^ > V . UN. 

In the general case of a horizontal axis, if 0', L, and If 
he the projections, on the plane of floatation, of 0, G, and H, 
the test of stability is that 

gpAk'^gpV.HK+W.GL 

must be positive, with the condition, 

W.ffL^gpV.O'N-, 

Ak'^ being the moment of inertia, about y, of the area of 
the plane of floatation. 

80. The equilibrium of bodies floating in two liquids. 

Suppose the body to be wholly immersed with the 
portion V of its volume in the upper liquid and V in the 
lower. 

Take the case in which the centres of gravity fi", H\ 
of the liquids displaced by V and V\ and therefore the 
centre of gravity O of the body, are in the same vertical. 

Displace the body through a small angle 6 about an axis 
through G the centre of gravity of the section A GB of the 
body by the common surface of the liquids. 

The action then consists of a pressure gpV acting 
upwards through M' the metacentre for the lower liquid, and 
of a presure gp V acting upwards through M the metacentre 
for the upper liquid. 
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If M be above O and M' below G^ the equilibrium is 
stable, if 

gpV.OM>gp'V\GM\ 

or, observing that HM is measured downwards from H, 

if pr.HG^pAk'>p'V\HV'-p'Ak\' 

or {p'^p)A¥>p'V\H'G-pV.HG, 

Al^ being the moment of inertia of the area A CB about the 
axis through C. 

If ^be the centre of gravity of the fluid displaced, L the 
resultant metacentre, and W the weight of the body, 

W.KL = gpV.KM-gp'V\KM\ 

:=^gpV{KH'-HM)-gp'T{KH'^H'M') 

= g(p'^p)AK\ 

and the equilibrium is stable, if L is above G. 

81. The preceding question may be also usefully treated 
in the following manner. 

The body may be supposed to be completely immersed in 
a liquid of density />, and we can then imagine a liquid of 
density p' — p superposed. 

Let E be the centre of gravity of the whole volume 
V+ V\ so that (F+ T) .EG=V\ HV - F. HG. 

If the body be displaced through a small angle 6, the 
restorative moment is 

g(p'-p)(Ak'-r'.H'G)-gp{V-i-V').EG. 
which by the above relation becomes 

g(p'-p)Ak'--gp'r.H'G + gpr.HG, 
and the stability depends upon the sign of this expression. 

82. Stability of a body floating in heterogeneous liquid. 

We shall consider only the case in which the body is 
symmetrical with regard to the line HG so that this line 
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passes through (7, the centre of gravity of the water-section, 
and contains the centre of gravity of all the strata of liquid 
displaced. 

The effect of this limitation is that a small displacement 
{6) about G, or about any point in HGy raises the centre of 
gravity of any horizontal section through a height of the order 
6^, and we can therefore employ the formulse of Arts. (64) 
and (80). 

83. Determination of the metacentre for a body floating 
in heterogeneous liquid, 

A liquid in which the density is a function of the depth, 
can be conceived as made up of a series of homogeneous 
liquids having successive descending surfaces, and the centre 
of gravity H of the whole mass U displaced, will be the 
centre of gravity of the aggregate of these liquids. 

Turning the body through a small angle 0, the vertical 
tilt of the centre of gravity of each portion will vary as 6^, 
and therefore the vertical tilt of H will vary as ^. 

If E be the surface, p the density, and V the volume dis- 
placed of one of these liquids, and if h be the centre of gravity 
of F, then, as in Art. (68), 

h'LV=eAk\ 

A being the area of the section E; 

therefore H'L . U^ tKl . Vp = dtpAk\ 
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Further, if M be the metacentre, 

H'L^H'M.d = HM.9, 

and therefore HM . U=SpAI(?. 

This formula includes the case in which the solid bulges 
out below the water-section. 

Taking CA as the axis of y, and considering the case 
when the solid does not bulge out, 

XpAk^ =//2(/>) y' dxdy, 

the double integration extending over the water-section, and 
the summation of p down the vertical ordinate iVP; hence, if 
p' be the density at P, 

HM . U = JJpy dxdy. 

84. If the floating body be a solid of revolution, having 
its axis vertical, the formulae can be somewhat simplified. 

For, transferring to polar co-ordinates, 

IT 

HM. fr= 4 r r p'r'ain* 0drd0 

J 'J 



[a 

= I irp^r^ dr, 
Jo 



p' being the density corresponding to the section of radius r. 

Suppose, for example, that the density varies as the 
depth, and that the floating body is a cone, vertex down- 
wards. 

If h be the length of axis immersed, 
?7. ^if = I irp.{h — r cos a) 'Tdr = -^— oa > 

and Z7= I irfiz (h — zY tan^ adz =  ^ , 

.-. Ifif = f A, tan* a. 
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Also, if V be the vertex, 

,'. FJIf = |A sec* a. 

85. The following is another method of determining the 
stability or the instability of the equilibrium of a floating 
body*. 

Taking the case in which the body is symmetrical with 
regard to the vertical plane zx of displacement, let AGB 
be the plane of floatation, G being its centre of gravity, 
and aCh the liquid-surface after the body has been turned 
about Cy through a small angle 0, Cx being horizontal and 
Cz vertical. 




Let Xy y, z be co-ordinates of a point P in the surface 
of the body, and let the vertical ordinate Pn meet the plane 
ocy in n, and the plane A GB in N, then 

Nn = x6, and PN=z + x6. 

Let H' be the centre of gravity of aDh, H of ADB, and G 
of the whole body. 



* Arts. (86—88) were originally published in the Second Edition (1867) 
of this Treatise. 
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Then, V being the volume of liquid displaced, and HK, 
H'K' perpendiculars on Czy 

V. H'K' =jjxz dy dx, and V. IiJ^=\\^ (^ + ^0) dy dx ; 



.-. V.HL 



= 1 1 0^6 dy dx. 





\ 




a 


\ 
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flA 



But, if the vertical through IT 
meet HG in M, the metacentre, 

.-. V.HM=^{\a?dydx, 

and if HM be greater thkn EG, 
the equilibrium is stable. 

The expression llx^dy dx, is the moment of inertia of the 

plane area aCb about Cy, and is ultimately the same as that 
of AGB about Cy. 

Hence, if ^ be the area ACB, the equation may be 
written 

r.HM^i^A. 

86. This result may also be 
obtained by taking GA as axis of 
X, but the process is then some- 
what longer, as it becomes neces- 
sary to shew that, to the first order 
of small quantities, 

This however is easily seen, for 
V.CK=^{^^,zdydx, 

and F. CK' = lU {z + xff) (z - xB) dy dx, 
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and therefore V. KK' = 1 1 i ^'^' dy dx, 

which is of the second order. 

Again, we may give another form to the process by a 
direct investigation of the moment, about Gy, of the fluid 
pressure. 

87. A body is floating in equilibrium in a fluid, of which 
the density is, at any point, a function of the depth of that 
point ; it is required to find the condition of stability. 

Taking ACB as the plane of floatation, and aCB as the 
liquid-surface after displacement, let H' be the centre of 
gravity of the fluid displaced by aDb. 




Take the vertical through C as axis of z, and Ca as axis 
of X ; then if P be any point {x, y, z) within the body, and 
PI the perpendicular on CA^ 

Pl = z cos 9 + xsmd 

^ z -\-xO ultimately. 

And if the density p =/ (the depth), the density at P 
before displacement 

=f{z + x0) 

^f(z) + x0f(z), 
to the first order. 
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Hence, if U be the mass of liquid displaced, 
U. HK= III ' {f{z) + xdf (z)} X dz dy dx, 



U.H'K'=jjj f{z)xdzdydx, 

where z is the length, nP\ of the ordinate nP produced to 
meet the surface of the body in P". 

By subtraction, we obtain 

U.HL^jjj f(z)xdzdydx+jjj Ba? f {z) dz dy dx. 

In the first integral z is less than xOy and therefore /(<^) 
to the first order is equal to 

/(0) + ^/'(0); 
the first integral then 

=/(0) \\of0dydxio the first order, 

and the second integral 

-e^^[f{2f)-^f{^xe)]a?dydx. 

Further, /( - x0) =/(0) - xdf (0), 

and therefore U . HL = 0\\ ^/(«0 dy dx, 

neglecting small quantities of the second order. 
But HL = . HM, and we thus obtain 

U.HM=jfxy(/)dydx, 

the integration extending over the plane of floatation. 

This result can also be obtained, as in the previous case, 
by taking GA as the axis of x, or by directly investigating 
the moment of the fluid pressure about Cy. 

B. H. 8 
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88. For the particular case of a solid of revolution, the 
following proof may be given. 

Take the vertex as 
origin, the axis of the 
body for axis of z^ and Ox 
horizontal Let PEQ be 
a horizont^ section, and 
REQf a section through E 
inclined at a small angle 
eUiPEQ. 

Then if ^ be the angle 
between EP and the tangent at P, 

EP'^EP-hEP,0cotif>, 
and JEQ' = JFQ-i?Q. (9 cot 4^, ultimately; 

.\RQ^=PQ to the 1st order, 
and the area P'JSiQ' = that of PEQ, 
K jET be the middle point of P'Q', 

EE = J (EP" - EQ^ = EP.0. cot <f>=^x0 cot <^. 

In the position of displacement, let 
OL' be the perpendicular from upon the 
vertical through E'; 

then OL' = OE.0 + EE' 

=^Z0 + xd cot if>, 

and the moment about of the fluid 
pressure 

= ^gpirafdz {z0 + x0 cot <l>] 

= I g0fyira? Xz + x-^-^dz, where OG = c. 

If the equilibrium be stable, this moment must be 
greater than 

W.00.0, 

W being the weight of the body. 
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Also W. 0H= Igpirofzdzy 

and, if the line of action of the resultant fluid pressure meet 
the axis in M, the moment = W . OM . ; 

and W.HM= j gpira^-j-dz, 

= I gpirx^doo, if CA = a, 
Jo 

remembering that /> is a function of z and therefore of os. 



EXAMPLES. 

1. An inverted vessel formed of a substance which is 
heavier than water contains enough air to make it float; 
prove that, if it be pushed down through a certain space, it 
will be in a position of equilibrium which for vertical dis- 
placement will be unstable. 

2. A solid cylinder, one end of which is rounded off in 
the form of a hemisphere, floats with the spherical surface 
partly immersed : find the greatest height of the cylinder 
which is consistent with stability of equilibrium. 

3. If a solid paraboloid, bounded by a plane perpen- 
dicular to its axis, float with its axis vertical and vertex 
immersed, the height of the metacentre above the centre of 
gravity of the displaced liquid is equal to half the latus 
rectum. 

4. A cone, whose vertical angle is 60°, floats in water 
with its axis vertical and vertex downwards ; shew that its 
metacentre lies in the plane of floatation ; and that its equili- 
brium will be stable provided its specific gravity > f|. 

8—2 
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5. An isosceles wedge floats with its base horizontal, 
and its edge immersed ; shew that the equilibrium is stable 
for displacements in a plane perpendicular to the edge, if the 
ratio of the density of the wedge to that of the fluid is greater 
than the ratio (cos a)* : 1, 2a being the angle of the wedge. 

6. A closed cylindrical vessel, quarter-filled with ice, is 
placed floating in water with its axis vertical ; the weight of 
the vessel is one-fourth of the weight of the water which it 
can contain ; examine the nature of the equilibrium before 
and after the ice melts, neglecting the change of volume 
consequent on the change of temperature. 

7. Find a solid of revolution such that, when a segment 
of it is immersed in liquid, the distance between the centre 
of buoyancy and the metacentre may be constant, whatever 
be the height of the segment. 

8. Water rests upon mercury, and a cone is too heavy to 
rest without its vertex penetrating the mercury; find the 
density of the cone that the equilibrium may be stable. 

9. If the floating solid be a cylinder, with its axis verti- 
cal, the ratio of whose specific gravity to that of the fluid is <r, 
prove that the equilibrium will be stable, if the ratio of the 

radius of the base to the height be greater than {2<t (1 — <r)} . 

10. A vessel in the form of a paraboloid of revolution 
contains water, and rests with its vertex on the highest point 
of a fixed rough sphere ; find the condition that the equili- 
brium may be stable. 

11. If a cylindrical shell without weight contain liquid 
and float in another liquid, shew^ that the equilibrium will 
be stable, unless the ratio of the density of the internal 
to the external fluid is less than unity, and greater than 
half the duplicate ratio of the radius of the cyUnder to 
the depth of the internal fluid. 

12. A hemispherical shell, containing liquid, is placed 
on the vertex of a fixed rough sphere of twice its diameter ; 
prove that the equilibrium will be stable or unstable, as 
the weight of the shell is greater or less than twice the 
weight of the liquid. 
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13. A solid of revolution floats with its vertex 
downwards, determine its form when the position of the 
metacentre is independent of the density of the liquid. 

14. A conical shell, vertex downwards, floats in unstable 
equilibrium ; how much water must be poured in to make 
the equilibrium stable ? 

15. A solid cone is placed in a liquid with its axis 
vertical, and with its vertex downwards and resting on 
the base of the vessel containing the liquid. If the depth of 
the liquid be half the height of the cone, and its density four 
times the density of the cone, prove that the equilibrium will 
be stable if the vertical angle of the cone exceeds 120®. 

Replacing the solid cone by a thin conical shell of the 
same height, of vertical angle 60*^, containing liquid, up 
to the level of the middle point of its axis, of half the density 
of the liquid outside, prove that the equilibrium will be stable 
if the weight of the shell be less than three-fourths of the 
weight of the liquid inside. 

16. A cylindrical vessel, the weight* of which may be 
neglected, contains water, and the vessel is placed on the 
vertex of a fixed rough sphere with the centre of its base in 
contact with the sphere. Find the condition of stability for 
infinitesimal displacements, and prove that, if the equilibrium 
be neutral for such displacements, it will be unstable for 
small finite displacements. 

17. Find the form of a solid of revolution floating with 
its axis vertical, and such that the distances of the metacentre 
and the centre of buoyancy from the lowest end of the solid 
may be in a constant ratio whatever be th6 density of the 
liquid. 

18. A semicircular cylinder rests with its axis vertical in 
a liquid of twice its own density ; if it be moveable abqut 
the line of intersection of its vertical plane face with the 
surface, find the condition of stability. 

19. A right circular cone floats with its axis horizontal 
in a liquid the density of which is double that of the cone, 
the vertex being attached to a fixed point in the surface 
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of the liquid ; prove that for stability the vertical angle must 
be less than 120'. 

20. A cylindrical vessel is moveable about a horizontal 
axis passing through its centre of gravity, and is placed so as 
to have its axis vertical ; if water be poured in, shew that 
the equilibrium is at first unstable; and find the condition 
which must be satisfied, in order that it may be possible to 
make the equilibrium stable by pouring in enough water. 

21. A thin conical vessel of given weight is moveable 
about a diameter of its base, which is horizontal, and is partly 
filled with a heavy fluid ; shew that the equilibrium is 
always stable if the semivertical angle of the cone is < 30' ; 
and if it be greater than this, determine when the equilibrium 
is stable or unstable. 

22. Water is contained in a vessel having a horizontal 
base, and a paraboloid whose specific gravity is four-ninths 
that of water, and the length of whose axis is to the latus 
rectum as nine to eight, is supported partly by the fluid and 
partly by the base on which the vertex rests ; find the least 
depth of the fluid for which the equilibrium is stable. 

23. A parabolical cup, the weight of which is TT, 
standing on a horizontal table, contains a quantity of water, 
the weight of which is nW; if h be the height of the centre 
of gravity of the cup and the contained water, the equilibrium 
will be stable provided the latus rectum of the parabola be 

>2(n + l)A. 

24. A solid of revolution floats with its axis vertical, 
and is sunk to different depths by placing weights at a fixed 
point on its axis. 

Find the form of the solid that the equilibrium may 
always be neutral. 

25. A solid cone whose axis is vertical and vertex down- 
wards is moveable about an axis coincident with a generating 
line ; to what depth must the system be immersed in water, 
in order that the equilibrium of the cone may be stable ? 
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26. A solid of cork bounded by the surface generated 
by the revolution of a quadrant of an ellipse about the axis 
major sinks in mercury up to the focus. If the equilibrium 
be neutral for small angular displacements, prove that 

2e* + 4e' + 2e'-e-2 = 0. 

27. The solid formed by a portion of cy' = « (a' — a^) cut 
oflF by a plane parallel to that of xy floats in a fluid of n times 
its density ; prove that, if it is in neutral equilibrium for 
small angular displacements in any vertical plane, 

28. An isosceles triangular lamina ABC floats with its 
base AB horizontal, and above the surface, in a liquid, the 
density of which varies as the depth : if A be the depth of G 
below the surface, the height of the metacentre above G is 

^Asec'-g. 

29. An elliptic lamina floats half immersed, with its 
transverse axis (2a) vertical, in a liquid, the density of which 
varies as the square of the depth ; prove that the depth of 
the metacentre is 

15 _ > 
IT 

e being the eccentricity. 

30. A right circular cylinder rests in a liquid with its 
axis vertical and a length c immersed. The density at 
a depth z being <]> (z), shew that the depth of the meta- 
centre is 



/ 



« a" 



z<l>(z)dz'--<]>(a) 



4 



I 6 (z) dz 
Jo 



31. A paraboloid of revolution floats with its axis 
vertical and vertex downwards in a liquid, the density of 
which varies as the depth ; the equilibrium will be stable or 
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unstable, according as 4c is less or greater than 3 (m + a), 
where c is the length of the axis, a the length immersed, and 
m the latus rectum of the generating parabola. 

32. A prolate spheroid floats half immersed, with 
its axis vertical, in a liquid, the density of which varies 
as the square of the depth ; the height of the metacentre 
above the surface is 

33. A solid paraboloid of revolution floats with its 
axis vertical, vertex downwards, and focus in the surface of a 
liquid, the density of which at the depth z is fi(a + z), 4a 
being the latus rectum of the generating parabola; prove 
that the distance of the metacentre from the vertex is y a. 

34. A homogeneous cone floats with its vertex down- 
wards in a liquid whose density varies as the square of the 
depth ; if the density of the cone be equal to that of the 
liquid at a depth equal to a fifth of the height of the cone, 
the vertical angle, when the equilibrium is neutral, is given 
by the equation, 

cos» a = !(§)* 

35. A solid paraboloid of height h and latus rectum 4a, 
is in equilibrium in a vertical position, with its vertex down- 
wards, and is moveable about its vertex, which is fixed at a 
given depth c below the surface of a liquid, the density of 
which varies as the depth; prove that the equilibrium 
is stable if the ratio of the density of the paraboloid to the 
density of the liquid at the depth of its vertex is less than 
the ratio of c' + 4ac' to 4ih\ 
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OSCILLATIONS OF FLOATING BODIES. 

89. A HEAVY body which is floating in liquid in a posi- 
tion of stable equilibrium, will, if slightly displaced from that 
position, make small vertical and angular oscillations; we 
proceed to consider, in a simple case, the laws of these oscil- 
lations. We shall suppose that the body is symmetrical with 
regard to a vertical plane through its centre, and that the 
initial displacement is parallel to this plane. 

It is evident that the subsequent motions of all points of 
the body will be parallel to this plane, and if the equilibrium 
be stable, that the motion will consist of small vertical and 
angular oscillations. 

First, let the vertical line- through O and H {CED) pass 
through the centre of gravity of the plane of floatation. 
When this is the case we can consider the vertical and 
angular displacements independently of each other. 
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Suppose a small vertical displacement ; then the portion 
CE of the body which is raised out of the fluid may be con- 
sidered as a thin cylinder. 

Let CE = z, then EG ==00- z, and 

the moving force downwards on the body = the weight of the 
body — the weight of the fluid displaced 

^gpA.z, 

if A be the area of the plane of floatation ; 

.'. m—j^=^gpAz, 

m being the mass of the body. 

But mg = the weight of fluid displaced 
= 9P^> F being the volume CD; 

• • df V ' 
is the equation which determines the motion. 
The time of a complete oscillation is therefore 



27r 



vigAJ' 



90. Next suppose a small angular displacement (a) about 
C, then G is raised through a space which depends on a*, 
and therefore may be neglected in comparison with quantities 
depending upon a, and if the body, supposed at rest, be then 
left to itself, it will (on the supposition that the equilibrium 
is stable) oscillate about a horizontal axis through &. 

It would in fact come to the same thing if the initial 
displacement were about G, as the point C would move 
sensibly (that is, considering small quantities of the first 
order only,) in a horizontal direction, and the quantity of 
fluid displaced would, as before, remain unchanged. 

If M be the metacentre, the moment of the fluid pressure 
about G. 

=gpV,MG. sin 0, 
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and tends to diminish ^, the angle made by QH with the 
vertical at the time t 

But MO^^^^-a) i{HG = a, 

therefore, since the horizontal axis through G is a principal 
axis, we have 

neglecting higher powers of 0, where mK' is the moment 
of inertia of the body about the horizontal axis through O, 

an equation which, when l^A > aV, that is, when Jf is above 
G, indicates small oscillations taking place in the time 

s/XgiFA-aV);- 
If G is below H the sign of a will of course be changed. 

91. Secondly, when the line joining H and G does 
, not pass through (7, the two motions are not independent, 
but the law which defines these motions can be determined 
as follows. 



irK 




Suppose the body to be slightly displaced in the vertical 
plane of symmetry, and then left to itself; and at the time t 
let 6 be the angle made by HQ with the vertical, and z = GE 
the depth of G below the surface. 
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Let HO meet the plane of floatation in i), 

and other symbols as before. 

Then the depth of (? = « -f 6 sin ^ -h c cos ^ 

= 2 -h 6^ + c, to the order considered. 

The weight of the fluid displaced is the weight of a 
volume of fluid equal to 

aFb^EGyOx'AFB^EG\ 
this weight = ^p F + ffpAz, 

and .'. m-j2i{^'\-c + b0) = mg- (gpV+gpAz) 

= '-gpAz) 

Another equation is to be obtained from the consideration 
of the angular motion about the horizontal axis through O, 
which is a principal axis, pei*pendicular to the plane of dis- 
placement. 

The moment of the fluid pressure about G may be divided 
into two parts, the one due to the portion aFh^ and the other 
to the portion EG of the fluid displaced. 

The former part of the fluid pressure =gpV acting 
upwards through Jf the metacentre; and the latter =gpAz, 
and may be considered to act through G the centre of gravity 
of the plane of floatation. 

The moment, in the direction tending to diminish 0, 
=gpV . (rif sin — gpAz (b cos ^ — c sin 0) 
^gp{FA-aV)0'-gpAz{b-c0) 
= gp {leA - a r) ^ - gpAbz, 
neglecting the product of z and ; 

d^0 
.•. mK^ ■^2i = -9P Q^^ - (^y) +gpAbz. 



K' 



^ f¥A 



==--5^(-7- -a^e + gy.bz (II). 
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From the equations (I) and (II) we obtain 
cPe ffAh , a fk'A \ a n 



which may be written 

^+rz — bnO = 0, 

To integrate these equations, multiply the second by X, 
and add it to the first, then, 

assummg rb^^^b (°^>' 

we have S^^ "^"^^^ "*" (^ "" ^) (-2^ + ^^) = 0. 

and, if X^, \ be the roots of (III), 



« + \,d = C;cos |yy/r-X,|«+ a, • , 

from which z and are completely determined. 

The depth of is given by an expression of the form 

C+A cosifit + a) + Bcos(ji't +)8), 

and its motion consists of two distinct oscillations, each 
following the pendulum laws, and compounded together in 
accordance with the principle of the coexistence of small 
oscillations*. 

* PoisBon's Cours de Micanique, Art. 618. 
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It may be observed that if two points be taken in the 
line AB, whose distances from G in the direction CD are 
\, \, then at the time t, the vertical depths of these points 
are z + X^O and z + \0, that is, are 

Cj cos ] Y^ - \f ^ + «if > ^^^ C^8 cos \\/r - \^ t + ajty 

and their vertical motions are therefore simple oscillations 
following the pendulum law. This remark is quoted by 
Duhamel (Cours de M^canique, Art. 152) as due to M. 
Cauchy. 



EXAMPLES. 

1. A straight rod is dropped vertically from a given 
height above the surface of water ; determine its motion and 
find the condition that it may be only just immersed. 

2. A vertical cylinder floats in a liquid of twice its own 
density contained in a cylindrical vessel If the radius of 
the vessel be double that of the cylinder, and the cylinder be 
slightly displaced in a vertical direction, find the time of an 
oscillation. 

3. A solid, the lower portion of whose surface is spheri- 
cal, floats in a heavy fluid ; shew that the time of ^a small 
angular oscillation is the same in whatever fluid it floats. 

4. A hollow hemisphere moveable about a horizontal 
diameter is partly filled with fluid ; shew that the time of a 
small oscillation is the same as if there were no fluid in it. 

5. A solid ellipsoid floats in a liquid of twice its own 
specific gravity with its shortest axis vertical ; find the time 
of a small vertical oscillation, and also the times of small 
angular oscillations about the two horizontal axes. 

6. A cube (the length of whose edge is 2a) is floating in 
a fluid with its centre of gravity at a depth c below the 



V, 
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surface ; if it receive a small displacement so that two of its 
faces remain vertical, shew that the times of its small vertical 
and angular oscillations are 



IT 



\/(^) ^'^'^ ^'^\/{f{&^)i • '•^sp^^ti^^iy- 



7. A candle of s.G. p floats vertically in still water 
of S.G. cr. It is lighted and the flame is observed to 
descend towards the water with uniform velocity u, and the 
velocity with which the candle bums is v: prove that 



au 



<r-p 



an 



Prove also, that if the flame be extinguished when a 
length I of candle remains, the candle will rise out of thib 

water if v be > a/ — ; but if v be < a/ — - the time of 
oscillation will be = 27r a / ^ . 

8, A right cone is floating with its axis vertical and 

vertex downwards in a fluid, and - th part of the axis is im- 

n 

mersed ; a weight equal to the weight of the cone is placed 

on the base, upon which the cone sinks till its axis is totally 

immersed, before rising, shew that 

n^ + n* + n = 7. 

9. A cone of vertical angle 2a floats in a cylinder of 
radius a with a length h of its axis immersed. If it be 
pushed vertically downwards through a small space, shew 
that the time of an oscillation is 



^e 



• h* tan'a) h 



10. A solid cone, of given vertical angle, is supported 
on an axis, about which it is moveable, coincident with a 
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diameter of its base ; if the axis be held horizontally, and 
lowered until one-eighth of the volume of the cone, vertex 
downwards, is immersed in homogeneous liquid, find the 
ratio of the densities of the liquid and cone, when the 
equilibrium is neutral. 

If, in the previous case, the axis be not lowered so far as 
to make the equilibrium neutral, and the cone be then 
slightly displaced, find the time of a small oscillation. 

11. An oblate spheroid is comple'tely immersed in two 
fluids, the specific gravity of the lower being twice that of 
the upper fluid, and floats with its axis vertical, and its 
centre in the common surface of the fluids. 

Supposing a small displacement to take place, 1st, in a 
vertical direction, 2ndly, about a horizontal line through its 
centre of gravity, shew that the times of the small oscillations 
will be respectively 

where a and b are the semi-axes of the generating ellipse. 

12. A homogeneous solid floats completely immersed in 
a liquid, the density of which varies as the depth, with its 
centre of gravity at a depth h ; prove that the time of a small 
vertical oscillation is 



27r 



^1- 



13. A lamina of uniform thickness, in the form of an 
isosceles right-angled triangle, has one of the acute angles 
fixed below the surface of a fluid, and rests with the side 
which is not immersed horizontal. Prove that the time of a 
small oscillation in its own plane is 



27r 



where a is the length of each of the sides of the triangle. 
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14. A solid generated by the revolution of the curve, 



?-i 



yccx^ , about the axis of re, floats with a portion h of the 

1 

axis immersed ; if the solid be depressed through (n *~^ — 1)A, 

it will, on its return, just emerge. 

15. A solid of revolution of mass m floats in diflPerent 
liquids. If the time of vertical oscillation in any liquid and 
its density p are found to be connected by the equation 



i-fi^)' 



f denoting a given function, shew that the equation to the 
meridian section of the solid is 



27rm* ] y' xiirmj * 
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CHAPTER VII. 



PBESSUBE OF THE ATMOSPHERE. 



92. If a glass tube, about three feet in length, having 
one end closed, be filled with mercury, and then inverted in 
a vessel of mercury so as to immerse its open end, it will be 
found that the .mercury will descend in the tube, and rest 
with its upper surface at a height of about 29 inches above 
the surface of the mercury in the vessel : this experiment, 
first made by Torricelli, has suggested the use of the 
Barometer, for the purpose of measuring the atmospheric 
pressure. 

The Barometer, in its simplest form, is a straight glass 
tube AB, containing mercury, and having its 
lower end immersed in a small cistern of mer- 
cury ; the end A is hermetically sealed, and 
there is no air in the branch AB, ^ 

It is found that the height of the surface P 
of the mercury above the surface C is about 
29 inches, and, as there is no pressure on the 
surface P, it is clear that the pressure of the 
air on G is the force which sustains the column 
of mercury PQ. 

We have shewn that the pressure of a fluid 
at rest is the same at all points of the same 
horizontal plane; hence the pressure at C is 
equal to the pressure of the mercury at Q, 

Let <r be the density of mercury, and 11 the atmospheric 
pressure at C, then 

n=5rcrPQ, 

and the height PQ measures the atmospheric pressure. 




mB 
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On account of its great density, mercury is the most con- 
venient fluid which can be employed in the construction of 
barometers, but the pressure of the air may be measured by 
using any kind of liquid. The density of mercury is about 
13*568 times that of water, and therefore the height of the 
column of water in the water-barometer would be about 
33f feet. 

The density of mercury changes with the temperature, 
and a must therefore be expressed as a function of the 
temperature. 

Experiment shews that, for an increase of 1** centigrade, 

the expansion of mercury is th of its volume; hence 

if <r< be the density at a temperature f, and a^ at a tempera- 
ture 0', 



^o = ^.( 



^ + 5^ ' = ^' ^^ "^ -000180180 ; 



.\a, = a^{l^et)'ii e = -00018018, 

and n = g<r, (1 - Ot) PQ. 

By means of the formula, IT = ga-^ (1 — dt) h, the atmo- 
spheric pressure at any place can be calculated, making due 
allowance for the change in the value of g consequent on a 
change of latitude. It is found that this pressure is variable 
at the same place, with or without changes of temperature, 
and that in ascending mountains, or in any way rising above 
the level of the place, the pressure diminishes. This is in 
accordance with the theory of the equilibrium of fluids, for, 
in ascending, the height of the column of air above the 
barometer is diminished, and the pressure of the air upon (7, 
which is equal to the weight of the superincumbent column 
of air, is therefore diminished, and the mercury must descend 
in the tube. 

If then a relation be found between the height of the 
mercury and the height through which an ascent has been 
made, it is clear that by observations, at the same time, of 
the barometric columns at two stations, we shall be able to 
determine the diflference of their altitudes. 

9—2 
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We shall investigate a formula for this purpose ; but it is 
first necessary to state the laws which regulate the pressures 
of the air and gases at different temperatures, and also the 
laws of the mixture of gases. 

93. We have before stated the relation 

p = kp(l + at) 

between the pressure, density, and temperature of an elastic 
fluid : it is deduced from the two following results of experi- 
ment : 

(1) If the temperature be constant, the pressure of air 
varies inversely as its volume. (Boyle's Law,) 

(2) If the pressure remain constant, an increase of tem- 
perature of 1^ C. produces in a mass of air an expa/nsion 
•003665 of its volume at 0® C. (Dalton's and Gay-Lussac^s 
Law,) 

Hence, if p be the pressure and p^ the density of air, at 
a temperature zero, 

p^Jcp,. 

Suppose now the temperature increased to t, the pressure 
remaining the same : the conception of this may be assisted 
by considering the air to be contained in a cylinder in which 
a moveable piston fits closely, and has applied to it a con- 
stant force, so that an increase of the elastic force of the air 
would have the effect of pushing out the piston, until the 
equilibrium is restored by the diminution of density, and 
consequent diminution of pressure : we shall then have frona 
the 2nd law, 

p, = p(l + at), 

taking p as the new density and a = '003665 ; 

.'. p = kp{l + at). 

lip\ p be the pressure and density of the same fluid at a 
temperature t\ 

p = hp (1 + a^'), 

J p pl-{-at 

and S = S ^r-, — 77 

p p l + at 
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The qustntity a is very nearly the same for gases of all 
kinds, but k has difFerent values for different gases, and must 
of course be determined experimentally in every case*. 

AbsoltUe Temperature. 

' 94. If we imagine the temperature of a gas lowered 
until its pressure vanishes, without any change of volume, 
we arrive at what is called the absolute zero of temperature 
and absolute temperature is measured from this point. 

Assuming f^, to represent this temperature on the centi- 
grade thermometer, we obtain, from the equation 1 + af^ = 0, 

<. = -J,=-273». 

In Fahrenheit's scale the reading for absolute zero is 
- 459^ 

The equations, p'=tcp(l + af), 

lead to jP = xpa (t — t^), 

= KpaT, 

if r be the absolute temperature. 

Since pF is constant, it follows that ^ is constant, and 

this law expresses, in the absolute scale, the relation between 
pressure, volume, and temperature. 

The pressure of a mixture of different elastic fluids. 

95. Consider two different gases, contained in vessels of 
which the volumes are Fand F', and let their pressures and 
temperatures, p and ty be the same. 

Let a communication be established between the two 
vessels, or transfer both the gases to a closed vessel, the 
volume of which is V+ V : it is found that, unless a chemi- 
cal action take place, the two gases do not remain separate, 

* MethocUi of detennining the value of a are described in Deschaners 
Natural Philosophy ^ tranfllated and edited by Professor Everett. 
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but permeate each other until they are completely mixed, 
and that, when equilibrium is attained, the pressure and 
temperature are the same as before. From this important 
experimental fact we can deduce the following proposition. 

If two gases having the same temperature be mixed together 
in a vessel, the volume of which is V, and if the pressure of the 
two gases, alone filling the volume V, be p and p', the pressure 
of the mixture will 6e p + p'. 

Suppose the two gases separated ; let the gas, of which 
the pressure is p, have its voltime changed, without any 
alteration of temperature, until its pressure becomes p' ; its 

volume will be, by Marriotte's law, ^, V, 

Let the two gases be now mixed in a vessel, of which the 
solid content is 

P P 

the pressure of the mixture will still be p\ and the tempera- 
ture will be unaltered. If the mixture be then compressed 
into a volume F, its pressure will become, by the application 
again of Marriotte's law, p-\^ p'- 

This result is obviously true for a mixture of any number 
of gases. 

96. Two volumes Y, y of different gases, at pressures 
p, p' respectively, are mixed together, so that the volume of the 
mixture is U ; to find the pressure of the mixture. 

The pressures of the two gases, reduced to the volume U, 
are respectively 

V V 

uP' u P'- 

and therefore, by the preceding article, the pressure of the 
mixture is 

r V , 
and if OT be this pressure, we have 
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97. The laws and results of the preceding articles are 
equally true of vapours, the only difference between the 
mechanical qualities of vapours and gases, irrespective of 
their chemical characteristics, being that the former are 
easily condensed into liquids by lowering the temperature, 
while the latter can only be condensed by the application 
either of great pressure or extreme cold, or of a combination 
of both*. 

98. If water be introduced into a space containing dry 
air, vapour is immediately formed, and it is found that the 
pressure and density of the vapour are dependent only on the 
temperature, and are quite independent of the density of the 
air, and indeed are exactly the same if the air be removed. 
If the temperature be increased or the space enlarged, an 
additional quantity of vapour will be formed, but if the 
temperature be lowered or the space diminished, some portion 
of the vapour will be condensed. 

While a sufficient quantity of water remains, as a source 
from which vapour is supplied, the space will be always 
saturated with vapour, that is, there will be as much vapour 
as the temperature admits of; but if the temperature be so 
raised that all the water is turned into vapour, then for that, 
and all higher temperatures, the pressure of the vapour will 
follow the same law as the pressure of the air. 

In any case, whether the space be saturated or not, if p 
be the pressure of the air, and «r of the vapour, the pressure 
of the mixture is p -f «r. 

99. The atmosphere always contains aqueous vapour, 
the quantity being greater or less at different times ; if any 
portion of the space occupied by the atmosphere be saturated 
with vapour, that is, if the density of the vapour be as great 

* Professor Faraday succeeded in condensing carbonic acid gas, and other 
gases requiring a considerable pressure for the purpose, and the result of his 
experiments led to the conclusion that, in all probability, all gases are the 
vapours of liquids. This conclusion was remarkably supported in 1877, 
when M. Pictet, in the early part of the year, liquefied oxygen by applying 
to it a pressure of 300 atmospheres, and, in December of the same year, 
M. Cailletet liquefied nitrogen, hydrogen, and atmospheric air. 
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as it can be for the temperature, then any reduction of 
temperature will produce condensation of some portion of 
the vapour, but if the density of the vapour be not at its 
maximum for that temperature, no condensation will take 
place until the temperature is lowered below the point corre- 
sponding to the saturation of the space. 

Formation of Dew. If any surface, in contact with the 
atmosphere, be cooled down below the temperature corre- 
sponding to the saturation of the space near it, condensation 
of the aqueous vapour will ensue, and the condensed vapour 
will be deposited in the form of dew upon the surface. The 
formation of dew on the ground depends therefore on the 
cooling of its surface, and this is in general greater and more 
quickly effected, when the sky is free from clouds, and when, 
consequently, the loss of heat by radiation is greater than 
under other circumstances. 

The Dew Point is the temperature at which dew first 
begins to be formed, and must be determined by actual 
observation. 

The pressure of vapour corresponding .to its saturating 
densities for different temperatures must also be determined 
experimentally, and, if this be effected, an observation of the 
dew point at once determines the pressure of the vapour in 
the atmosphere. For if If be the dew point, and p' the known 
corresponding pressure, then at any other temperature t above 
If the pressure p is given by the equation 

p'^l+alf' 

100. Effect of compression or dilatation on the pressure 
and temperature of a gas. 

It is found by experiment that if a quantity of air, 
enclosed in a vessel impervious to heat, be compressed, its 
temperature is raised ; and that, if a quantity of air, enclosed 
in any kind of vessel, be suddenly compressed, so that there 
is no time for the heat to escape, the temperature is similarly 
raised. 
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101. Thermal capacity. 

The thermal capacity of a body is measured by the 
amount of heat required to raise the temperature one degree. 

The unit of heat which is actually employed is the 
quantity of heat required to increase by one degree one unit 
of mass of water, supposed to be between 0**C. and 40°C. 

Specific Heat 

The specific heat of a body is the thermal capacity of one 
unit of mass, or, which is the same thing, it is the ratio of 
the amount of heat required to increase by V the tempera- 
ture of the body to the amount of heat required to increase 
by V the temperature of an equal weight of water. 

If an amount of heat dQ produce in the unit of mass a 

change of temperature ci^,the measure of the specific heat is -C^ . 

In gases it is necessary to consider two cases; (1) when 
the pressure remains constant, the gas being allowed to ex- 
pand, (2) when the volume remains constant. 

We shall denote the specific heat in these two cases by 
the symbols Cp and c„. 

It is easy to see that c, is greater than c^, for in the 
first case the heat imparted does work in expanding the gas 
as well as in raising its temperature. 

102. To determine the efifect of a compression or a 
dilatation of a given quantity of gas, it is clear to begin with 
that the heat required will be a function of v, p, and T, and 
since pv oc T, the heat required for any expansion will be a 
function of v and p. Therefore it follows that 

and, in general, ji? = kpxT or, if the mass of the given quantity 
of gas be the unit of mass, 

pv = k2T = KT. 
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If the pressure be constant, dQ = c^dT ; 

.-. -j^dv = c^dT=c^^j^ 

If the volume be constant, 

^/P = o^dT=c^-j^^ 

and ^? = -"«- V 

dp K^' 

Therefore, if no heat be imparted, that is, if dQ = 0, 

dv dp ^ 

* v p 

/. p^v . v^p is constant, 
or jot/Y is constant, if 7 = — . 



(^v 



It p, V be changed to^', v, we obtain 

and ?:.si:.(iy-'. 

t pv \V / 

The equation p?/y = constant is, in thermodynamics, the 
equation of the adiabatic, or isentropic lines, aud it represents 
the relation between the pressure and volume of a mass of air 
which is suddenly compressed or dilated. It will be found 
subsequently that this relation is of great importance in the 
theory of sound. 

103. It can be shewn by the aid of the principle of 
energy, that the difference between Cp and c^, for any given 
gas, is constant. 
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By a law of thermodynamics, the energy imparted to a 
system by the application of heat is proportional to the 
amount of heat. 

Hence, J being the mechanical equivalent of heat, that 
is, the work done by the unit of heat, the energy imparted 
to the unit mass of a gas by a rise of temperature dT when 
the pressure is constant is 

But this energy is partly expended in elevating the 
temperature at a given volume, and partly in expanding the 
volume ; 

.'. J ,CjfilT=pdv + J,c^T 
and pv = KTy 

shewing that c, — c^ is constant. 

We can employ this equation in obtaining the result of 
Art. 102. 

For if no heat be supplied, no energy is imparted, 
and .-. pdv + J, c^dT==0, 

But pv = KoiT = J.(c^''C^)T; 

,', pdv + vdp = J. (c^ — c„) dT, 
and . pdv (Cp — cj + c^ (pdv + vdp) = 0, 

whence c^, .pdv + c^ . vdp = 0, as before. 

Whole mass of the Earth's Atmosphere, 

104. Some idea may be formed of the mass of air and 
vapour surrounding the earth by means of the barometer. 
Supposing the earth to be a sphere of radius r, and that the 
height of the barometric column, h, is the same at all points 
of its surface, the mass of the atmosphere is approximately 
equivalent to the mass ^irar^h of mercury. 
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Let p be the mean density of the earth ; 

then, the mass of the atmosphere : the mass of the earth 

= 4}7rar^h : p | irf^ 

= Zah : pr. 

But, taking water as the standard substance, <r = 13*57, 
and p has been found to be about 5*5 ; and, if we take 29*9 
inches as an approximate value of h, it will be found that the 
ratio of the masses is somewhat less than the ratio of one to a 
million* 

The height of the homogeneovs dtnwsphere. 

105. If the whole column of air had the same density 
throughout as at the surface, its height being I, and the height 
of the mercury being A, we should have 

ah = plf 

where p is the density of the air. It has been found that 
the ratio a- : p is about 10462 : 1, and therefore, employing 
as before 29*9 as a value of h, it will be found that i is a little 
less than 5 miles. 

Necessary limit to the height of the atmosphere. 

It is clear that, since at a distance from the earth's surface 
its attraction diminishes, and the density and pressure of the 
air are therefore diminished, the above result is very far from 
the truth. A limit to the height can however be found from 
the consideration that, beyond a certain distance from the 
earth's centre, its attraction will be unable to retain the 
particles of air in the circular paths, which they must describe 
about the earth, in order to remain in a state of relative 
equilibrium. 

* The observations on the motion of pendulums, made by Sir G. B. Airy 
at the Harton Colliery in 1854, have thrown doubt on the accuracy of the 
value 5*5, which has been assumed, in Art. 94, as a measure of the mean 
density of the earth. 

The value deduced from the Harton Observattons is 6*566 with a probable 
error =k -0182. Phil, Trans, 1856. 
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At the equator the expression ©V, o> being the earth's 

angular velocity, is equal to ^—^r , and therefore, at a height z, 

the force necessary to retain a particle m of air in its circular 

motion is equal to ,r~r ; the earth's attraction at the 

^ 289 r ' 

same height 



and the extreme height is given by the equation 

(r + «)'"" 289~r 

or ^ = r (7(289) -1), 

that is, « is a little greater than 5r. 

It is possible however that this height is considerably 
beyond the true height, for the temperature of the air has 
been found, by experiments made in balloons, to diminish 
with great rapidity during an ascent, and it is therefore quite 
possible, that, at a height less than 5r, the air may be 
liquefied by extreme cold, and its external surface would be 
in that case, of the same kind as the surfaces of known 
inelastic fluids. 

The determination of heights by the barometer. 

106. Consider a vertical column of the atmosphere at 
rest under the action of gravity : at a height z let p be the 
pressure and p the density, and at a height z + Bz, let p + Sp 
be the pressure. 

If A be the area of the section of the column, the 
volume ASz of air may be considered as in equilibrium under 
the action of the pressures pA and (p + Sp) A, and of its 
weight ^/>-4S«. 

Hence we have Sp = — gpSz ; 

and, if ^ be the temperature, p^kp{l + at) ; 
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/. in the limit- .-^=s — ., ^ , . 

p dz l-\-at 

We shall suppose t constant, and therefore 

and, iip' be the pressure at a height z', we obtain 

^p 1 + at 

Let A, h\ be the observed heights of the barometer at 
two stations, the heights of which are z and z ; then, taking 
a as the density of mercury at a temperature zero, and t, t\ 
as the temperatures at the two stations, 

p = gah (1 - ^t), and / = gaK (1 - ^t ) ; 

/..-^=-(l+a01og ^.^^_^^^ ; 

< may be taken as approximately equal to |(t + t ), and we 
thus have an equation from which the difference of the 
heights of the two stations can be calculated. 

107. If however the heights above the earth's surface 
be considerable, it is necessary to take account of the 
variation of gravity at different distances from the earth's 
centre. We proceed then to an investigation of a more exact 
formula. 

Let g be the measure of gravity at the level of the sea, 
and r the radius of the earth, then, at a height z, the attrac- 
tive force is measured by 



r 



. ^{r + zf 
and the equation of equilibrium is 

we have also p = ip (1 + at), and it is here important to 
observe that p is the sum of the pressures due to the air itself. 
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and to the aqueous vapour which is mixed with it, so that, if 
p be the density of the aqueous vapour, 'p is the sum of two 
quantities in the form 

and therefore the quantity hp in the above equation is the 
sum of the two ifcp, ip', corresponding respectively to the air 
and the aqueous vapour. 

From the two equations above we obtain 

ydp_^ 1 gr^dz 

and, as before, we shall consider t constant, and equal to the 
mean of the temperatures at the two stations. 

By integration 

A; log p = = -^-— + C, 

^^ l+atr + z 

and .-. Jfc log ^ = TTX-fw r w ^ ^ W- 

^p (l+at){r + z)(r+z) ^^ 

Let h, h', be the observed heights of the mercury, 
and T, t', the temperatures, as before ; then, since the force 

of gravity at a height z is measured by the quantity , ^ .^ ^ 

we have 

p~\r + z') \-er h ^ '' 

and therefore, observing that ^ is a very small quantity, 
z — z = 

ifc (1 + ae) (r + a) (r + aO (1 *',oi »' + ^ at' \\ 
-^ ')^^« -' llogi. I + 2 log.o -^^ -f*0(T- r)}. 

where fi = logj,6 = '^SiZQiS. 
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From this formula, if «' be known, the value of z can be 
calculated. 

If the lower station be nearly at the level of the sea, 
/ = 0, and 

108. In the preceding investigation we have taken no 
account of the variation of gravity at different parts of the 
earth's surface ; but if g' be the measure of gravity at a place 
of which the latitude is X', and jr at a place of latitude X, it 
has been found, (Poisson, Art. 628), that 



2.= 



1 - -002588 cos 2X 



g' 1 -002588 cos 2X' * 

the value of gr obtained from this equation, in which ^r'and X' 
are supposed to be known, must be employed in the above 
formula. 

If X' be the latitude of Paris, the value of the quantity 

-^ (1 - -002588 cos 2X0 W. 

is nearly 18336 French metres or about 60158*56 English 
feet*, and, representing this numerical quantity by c, the. 
expression for z becomes 

c (1 + at) (l + ^) ,, . 

l-00^588cos2X "^'^^A^ ^^^g" (^ "^ g--;.g(r'-x)}...(5). 

The value of c may be obtained by direct calculation of 
the expression (4), and the calculated value is 18337*46 
metres ; it has been found however, by comparing the results 
of trigonometrical measurements with the results of the 
formula (5), that 18336 metres is a more accurate value of 
the coefficient. 

* A Freadi metre is 89*37079 inches. 
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In order to calculate z from the formula (5), an approxi- 

mate value must be first obtained by neglecting - in the 

right-hand member of the equation; if this approximate 
value be then employed in the same expression, a more 
accurate value will result, and the same process may, if 
necessary, be repeated. 

109. Other corrections are however necessary in order to 
render the determination of heights by the barometer very 
exact in practice ; the value of h for instance is modified by 
the fact that the density of aqueous vapour at a given 
temperature and pressure is less than the density of dry air 
under the same circumstances, and the proportion of aqueous 
vapour to dry air may be, and in general will be, diflferent at 
the two stations. 

Moreover, if the upper station be on the surface of the 
ground, the attraction of the portion of the earth which is 
above its mean level must be taken ^.ccount of. The effect 

of this attraction is to increase the quantity 7-^ — : 9 by -~- , 

^ ^ {r + zf ^ 4r ' 

so that, at a height z, the force of gravity is measured by 

gr* Sgz 

( 5z) . 

or, approximately, g <l—j->, (Poisson, M^caniqtte, Art. 629); 

the equation for p will be in this case 

(ip = -5r|l-~|pd^, 
and therefore, if the lower station be at the level of the sea, 



A;(l+a01og^ = flr^(l-f^) 



i (1 + at) L, ^ .z\. p' 

or z^-^ -^ 1 + f- log-^. 

g \ "^rj ^p 

In place of the equation (2) we shall have 






B. H. 10 
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and the final equation for z ^ill be obtained by subetituting 
in (5), 

1 + f - for 1 +- , observing that log 1 1 -f f -j 
is approximately ecjual to 2 log [ 1 + 1 - j . 

When - is very small, it maiy be neglected in the formula 

(5). It has however beett found in practice that the results 
are rendered more accurate,* foV such case9,« by employing, as 
the value of o, 18393 metres. (Duhamel, p. 259.) 

110. In the preceding articles we have supposed the 
temperature of the air to be constant tfirbugh the whole of 
the vertical space between the two stations ;* if however the 
difference between the hetghtsf be very ^eat, a considerable 
error may be thus introduced, and formulae have therefore 
been constructed in which accotmt is td.ken, on various hypo- 
theses, of the variation of atmospheric temperature. A 
formula of this kind is given in Lindenau's Barometric 
Tables, constructed on the supposition that the temperature 
diminishes in harmonic progression through a series of 
heights increasing in arithmetic progression. 

It must also be noticed that we have assumed the tem- 
perature of the mercury in the barometer to be the same as 
that of the air surrounding it; but in some cases, as for 
instance when observations are made in a balloon, the 
barometer may not remain long enough in the same place to 
acquire the temperature of the air round it. The temperature 
of the mercury can, however, be observed by a thermometer 
the bulb of which is placed in the cistern of the barometer, 
and the temperatures so obtained must be employed in the 
equation (2) of Art. (107). 

111. The two following problems are illustrative of the 
principles of this chapter. 

(1) A piston without weight fits into a vertical cylinder, 
closed at its base and filled with atmospheric air, and is 
initially at the top of the cylinder; water being poured slowly 
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on the top of the piston^ find how mv/oh can he poured in hef(yre 
it will run over. 

Let a be the height of the cylinder, and z the depth to 
which the piston will sink; then in the position of equili- 
brium the pressure of the air in the cylinder is U+gpz, 
where 11 is the atmospheric pressure, and p the density of 
water: but 

this pressure : 11 :: a : a — « ; 
Ha 






^U-hgpz. 



Let h be the height of the water-barometer, 

Aa = (a — «) (A + ^), 
and ^ = or a — A. 

Unless then the height of the cylinder is greater than h, 
no water can be poured in, for, even if the piston be forced 
down and water then poured on it, the pressure of the air 
beneath will raise the piston. 

The negative solution, when a < A, can howevj^t be ex- 
plained as the solution of a different problem leading to the 
same algebraic equation. Suppose the cylinder to be con- 
tinued above the piston, and let it be required to raise the 
piston through a space 2; by a force which shall be equal to 
the weight of the cylindrical space z of water. 

This leads to the equation 

Tl—gpz ^ a 
n a + z' 

oTZ^k—a. 

(2) To determine the motion of a balloon on the supposi- 
tion that the mass of air displaced by it in any position is 
homogeneous, and that the temperature throughout is constant. 

Let z be the height of the centre of gravity of the balloon, 
m its mass, V its volume^ and p the density of the air at the 

10—2 



i 
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height z ; then the equation which determines the motion is 



where 9'^9i , \«« 

^ ^ (r + «) 

But from the equations dp^ — g' pdz and p = kp^ we 
obtain 

gn 

and therefore 

^dt k{r^zy^ "^{r-vzf' 

dz 
from which, putting m^dVy multiplying by 2-j-, and inte* 



di 
grating, 

,f^y=Cf-2m^ + ?^"; 

\di.) r + z' 

initially = (7- 211 + 2(rgr, 

.-. <rgy=«2n{l-e^)}-?^^ 
The greatest height of the balloon ia given by putting 

dt ^' 
and, if the mean density of the balloon differ very little from 

that of the air, - will be small, and an approximate value 

may be found. 
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EXAMPLES. 

1. If the density of air be '0013, that of mercury 13"59, 
and if the height of the barometer be 30 inches, prove that 
the numerical value of k is about 836300, a foot and a second 
being units of space and time. 

2. The weight of 1 litre of dry air at 15'5® C. when the 
height of the barometer is 760 mm. is 1'23 grammes. The 
pressure of aqueous vapour at this temperature is 12*6 mm. 
of mercury, and its density is to that of dry air at the same 
temperature and pressure as 5 to 8. Find the weight of a 
litre of air whea saturated with aqueous vapour at the above 
temperature and pressure. 

3. A faulty barometer indicated 29*2 and 30 inches 
when the indications of a correct instrument were 29*4 and 
303 inches respectively ; find the length of tube which the 
air in the tube would fill under the pressure of 30 inches. 

4. The barometer standing at 30 inches, a cubic yard of 
atmospheric air is compressed into a vessel containing a cubic 
foot ; find approximately the numerical measure of the energy 
stored up, the specific gravity of mercury being 13*596 
referred to water, of which a cubic inch weighs 252 77 grains. 

5. The readings of a perfect mercurial barometer are a 
and )8, while the corresponding readings of a faulty one, in 
which there is some air, are a and 6; prove that the cor- 
rection to be applied to any reading c of the faulty barometer 
is 

(g-a)(/3~6)(a-6) 

(a-c)(a-a)-(6~c)08-6)* 

6. If a thermometer, plunged incompletely in a liquid 
whose temperature is required, indicate a temperature t, and 
T be that of the air, the column not immersed being m de- 
grees, prove that the correction to be applied is ^^,.„^ — , 

° ^ ^^ 6840 + T — m 

-^i^TK being the expansion of mercury in glass for 1' of 
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temperature, assuming that the temperature of the mercury 
in each part is that of the medium which surrounds it. 

* 

7. A closed vertical cylinder of unit sectional area con- 
tains a piston, weight W. The piston is originally halfway 
up the cylinder, and the space above and below is filled with 
saturated air. On being left to itself the piston sinks to half 
its former height ; prove that the tension of the saturated 
vapour is 31^—411 where 11 is the pressure of the atmo- 
sphere: the temperature being supposed the same at the end 
and beginning of the process. 

8. A vertical barometer tube is constructed, of which 
the upper portion is closed at the top, and has a sectional 
area a*, the middle portion is a bulb of volume ft', and the 
lower portion has a section c', and is open at the bottom ; 
the mercury fills the bulb and part of the upper and lower 
portions of the tube, and is prevented from running out 
below by means of a float against which the air presses ; the 
upper part of the tube is a vacuum : find the change of 
position of the uppier and lower ends of the mercurial 
column, due to ^ given alteration of the pressure of the 
atmosphere. 

Shew also that, if the whole volume of the mercury in 
the instrument be c^H, where H is the height of the baro- 
meter, tjie upper surface w|ll be i^naflfected by changes of 
temperature. 

9. A cylindrical diving-bell sinks in water until a certain, 
portion V remains occupied by air, and in this position a 
quantity of air, whose volume under the atmospheric pressure 
was 2V, is forced int:o it. Shew how far the bell must sink 
in order that the air may occupy the same space as in the 
first position. 

Find also the condition that when the air is forced in at 
the first position no air may escape from beneath the bell. 

10. Two equal closed cylinders both contain known 
quantities pf wat,er and air. One is placed above the other, 
and a communication made between the water in each. Find 
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the amount which will flow from the upper to the lower before 
there is equilibrium. 

Suppose the whole now introduced into a warm room, 
which way will the water flow ? 

11. A hollow cylinder containing air is fitted with an 
air-tight piston which when the cylinder is placed vertically 
is at a given height above the base ; the cylinder being now 
inverted and plswed vertically in a fluid sinks partly below 
the surface ; find the position of equilibrium. 

12. A vessel, in the form of the surface generated by the 
revolution about its axis of an arc of a parobola terminated 
by the vertex, is immersed, nqiouth downwards, in a trough of 
mercury ; shew that the pressure of the air contained in the 
vessel varies inversely as the square of the distance of the 
vertex of the vessel from the surface of the mercury within 
it. Supposing the length of the axis of the vessel to be to 
the height of the barometer as 4?5 is to 64, find the depth of 
the surface of the mercury within the vessel, when the whole 
vessel is just immersed. 

. 13. A piston without weight fits into a vertical cylinder, 
closed at its base and filled with air, and is initially at the 
top of the cylinder ; if water be slowly poured on the top of 
the piston, shew that the upper sui'face of the water will be 
lowest when the depth of the watep is \/(aA) — A, where h is 
the height of the water-barometer, and a the height of the 
cylinder. 

14. The barometer stands at 29"88 inches, and the 
thermometer is at the Dew Point : a barometer and a cup of 
water are placed under a receiver, from which the air is 
removed, and the barometer then stands at '36 of an inch ; 
find the space which would be occupied by a given volume of 
the atmosphere, if it were deprived of its vapour without 
changing its pressure or temperature. 

15. A straight tube, closed at one end ;Etnd open at the 
other, revolves with a constant angular velocity about an axis 
meeting the tube at right angles; neglecting the action of 
giavity, find the density of thel^air within the tube at any 
point. 



p'^ 
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>^^j^^^-^ 16. A bent tube of uniform bore, the arms of which are 

'^ yr" at right angles, revolves with constant angular velocity © 

y -r- about the axis of one of its arms, which is vertical and has its 

^ extremity immersed in water. Prove that the height to 

which the water will rise in the vertical arm is 

99 \ / 

a being the leDgth of the horizontal arm, 11 the atmospheric 
pressure, and p the density of water. 

17. Prove that for rough purposes the difference of the 
logarithms of the heights of the barometer multiplied by 
10000 gives the difference of the heights of two stations in 
fathoms. 

18. Two non-conducting vessels, of volumes v and v\ 
contain atmospheric air at pressures jp and p', at the tempera- 
tures T and T' ; if these masses of air be mixed together in a 
non-conducting vessel of volume F, find the pressure of the 
mixture. 

19. Two bulbs containing air are connected by a hori- 
zontal glass tube of uniform bore, and a bubble of liquid in 
this tube separates the air into two equal quantities. The 
bubble is then displaced by heating the bulbs to tempera- 
tures t degrees and i degrees: prove that, if the temperature 
of each bulb be decreased t degrees, the bubble will receive 
an additional displacement which bears to the originaT dis- 
placement the ratio of 2aT : 2 + a (^ + f — 2t), where a is the 
coefficient of expansion. 

20. An elastic spherical envelope is surrounded by air 
saturated with vapour; when the air within it is at a pressure 
of two atmospheres it is found that its radius is twice its 
natural length, and again the radius is three times its natural 
length when the envelope contains 77 times as much air as 
it would if open to the air ; assuming that the tension at any 
point varies as the extension of the surface, prove that ^ of 
the pressure of the air is due to the vapour it contains. 

21. A conical shell, vei^tical angle -^, and height H^ can 
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hold double its own weight of water. It is inverted and 
immersed, axis vertical, in a mass of water. The water is 

77? 
now made to rotate with angular velocity a / -^ , and the 

cone sinks till its vertex lies in the surface : prove that the 
height of the water-barometer is to that of the cone as 

3 : ^28. 

22. A small balloon containing air is immersed in water 
and has 100 grains of lead attached to it, the envelope of the 
balloon being of the same density as the water. If at the 
temperature of the water and the pressure of the atmosphere 
the balloon contain 1 cub. inch of air, find the depth to which 
it must be immersed in the water in order to be in a position 
of unstable equilibrium when the height of the water baro- 
meter is 33 feet ; it being given that the density of air : that 
of water : that of lead :: 1 : 800 : 9120; 

23. A cup is formed out of a uniform solid paraboloid, 
by removing half the volume^ so that the inner boundary is 
an equal coaxal paraboloid with its vertex at the focus of the 
former one. The cup is immersed in vacuo in a fluid, vertex 
upwards and axis vertical, and gas is forced in from below till 
the vertex rises to the surface : if the water be now halfway 
up the inner boundary of the cup, prove that the density of 
the fluid is f that of the paraboloid. 

24. If the pressure of the air varied as the ( 1 H — I th 

power of the density, shew that, neglecting variations of 
temperature and gravity, the height of the atmosphere would 
be equal to (m+1) times the height of the homogeneous 
atmosphere. 

25. A piston of weight w rests in a vertical cylinder of 
transverse section fe, being supported by a depth a of air. 
The piston rod receives a vertical blow P, which forces the 
piston down through a distance h : prove that 



n being the atmospheric pressure. 



^ 2w ^' 
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THE TENSION OF FLEXIBLE SURFACES. 

112. The general problem of the equilibrium of flexible 
surfaces is considered by Lagrange, M^canique Analytique, 
Tom. I., and also, more fully by Poisson, Memoires de PInstitut, 
1812; it is proposed in this Chapter to discuss one class of 
the questions which arise out of the general case, those 
namely which have reference to the action of fluids upon 
flexible surfaces. 

The pressure of a fluid at rest being normal to any 
surface with which it is in contact, we have, in fact, to con- 
sider the equilibrium of flexible surfaces at rest under the 
action of normal pressures, and of the fensions at their 
bounding lines. 

For the sake of generality the t^rm 'flexible surface' is 
employed as the representative of substances, such as cloth 
and thin paper, which do not oflfer any sensible resistance to 
bending, and which, when bent or twisted, do not tend to 
return to their original form. Perfectly flexible surfaces, 
whether extensible or inextensible, are therefore to be looked 
upon as inelastic. 

In the following articles we shall suppose that the stress 
between any two portions of a flexible surface is wholly tan- 
gential to the surface. 

Measure of Tension. 

Conceive a flexible and inelastic surface, extensible or 
inextensible, in a state of, tension, and let QPQ' be a small 
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arc of the section through P made by a normal plane ; then 
if t . QQ be the resultant action, perpendicular to QQ' in the 
tangent plane, between the portions of surface bounded by 
the line QQ\ t is the measure of the tension at P ; in other 
words, t is the rate of tension at P, or the force which would 
be exerted on a section of the substance, the length of which 
is unity, in the same state of tension throughout as the 
surface at P. 

In general the stress between the portions of surface 
separated by QQ will not be perpiendicular to QQ\ and will 
therefore be the resultant of the tension t , QQ and of a force 
T . QQ tangential to the curve QQ', t being a quantity of the 
same kind as t and measured in the same way. 

113. A vessel in the. forrn qf a right circular cylinder^ 
the curved surface of which is flexible, contains fluid ; the axis 
of the cylinder being vertical, it is required to find the relation 
between the pressure and tension ai any point. 

Let PQf be a small portion of the surface contained 
between two planes perpendicular to the axis and two gene- 
rating lines of the cylinder. 




Let t be the horizontal tension and p the pressure, at any 
point of PQ, and suppose the element PQ of the surface to 
be made rigid ; then its equilibrium will be maintained by 
the normal pressure of the fluid, pPP' . PQ, the tangential 
forces tPP' and tQ(^, and by the vertical tensions on PQ and 
P'Q', if there be any tension in the vertical direction. 

Hence, resolving the forces in the direction of the normal 
OE, drawn to the middle point E^ 
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p.PP\PQ^2tPFBm{\P0Q\ 

- nPF i ^, if r be the radius, 

or t ^pr. 

114. If fluid at rest under the action of given forces be 
contained in a cylindrical surface of any form, the tension at 
any point of a section perpendicular to the axis of the cylinder 
is the same. 

Let PQfy (figure, Art 113), be an element of the surface, 
the centre of curvature dX A,t the tension at ^, ^ + 3^ at 
By and h<f> the angle between the tangents at A and B. 

Also, let h-^ be the inclination to OA of the direction 
of the fluid pressure on PQ, which must lie between. OA 
and OB, 

Then, resolving along the tangent at A, 

(t + Zt) cos h<f> — t =pAB sin Syfr, 

=prB^ sin By^y 

if r be the radius of curvature at j1. 

Hence, ultimately, wheu B^ vanishes, 

dt ^ 
— = 
d<l> "' 

and, as this is the case at every point of the section, it follows 
that t is constant. 

By resolving the forces in the direction OA, we shall 
obtain, as in the previous article, the relation 

t=pr, 

between the tension perpendicular to the generating line, the 
pressure, and the curvature, at any point of the surface. 

The Lintearia and the Mastica. 

115. The Lintearia is the curve formed by pouring water 
upon a rectangular piece of thin cloth, the ends of which are 
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•r 



supported horizontally, while the water is prevented from 
escaping at the sides. 




Thus, if the ends AB, CD, of the cloth or membrane be 
fastened to the sides of a box, and if the sides AD, BO &t 
the box closely and water be poured in, the cross section of 
the cloth by a vertical plane parallel to AD or BG is the 
Lintearia. 

The pressure being normal, the tension of the cloth is 
constant, and therefore, if r be the radius of curvature at P, 
and BC the surface of the water, 

gpPL . r is constant, 



r 



^PL = h—}/, taking PJV" = y. 







J^ 




\^ 




<J^ 


r 


• 




^ 


J 





Hence, 



c' dr du , , 



and .'. ^r-j = cos 6 — cos or, 
if a be the deflection at B, 
or 



,- ds 
n/2 3T = 



— f 



the intrinsic equation. 



^^ Jgos 1^ — cos a 
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Putting 
this becomes 



sin ^ = sm -^ sm y, 



8 

c 






Hence the depth PL 

**C'j2 V cos ^ — cos a = 2c sin ^ cos ^ 

« 2c sin 5 cn - , mod. sin 5 . 
^ c ^ 

116. The Eiastica is the curve formed by an elastic rod 
when bent, and is identical with the Lintearia. 

Taking BA G as the rod, suppose the equilibrium main- 
tained by forces at B and C in opposite directions. 

The bending moment at P is proportional to the curvature 
(see Poisson's Mecanique or Minchin s Statics) y and therefore, 
considering the equilibrium of the portion BP, and taking 
moments about P, it follows that the curvature at P varies as 
PL, so that 

r.PL^c", 

and the eiastica is therefore identical with the lintearia. 

117. The eiastica may have any number of convolutions, 
as in the appended figures, 
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^-4 




and the Hntearia can be made to have convolutions by a 
proper adjustment of the water level and the water pressure. 

Thus, if we imagine BG to be the water surface, and if 
arrangements be made to let the water fill the space AE, and 
press upwards on the portions BE, GE, we have a lintearia 
identical with an elastica of one cotiVolution. 

If we imagine that BG touches the bent rod at B and C, 
necessitating, as will be seen, an infinite length of rod, and if, 
as before, we measure the deflection from the tangent at A, 

r = 00 , when <^ = tt, and therefore 

c* ^ , . ds c 

= 1 + cos 0, or -1-^ = 



2r 



2 cos|- 



Measuring s from A, this leads to 

« = clogtan(^|+|j. 

It will be seen hereafter that this is the Capillary curve. 

118. To obtain the Cartesian equation of the Lintearia, 
we have 



c* r 






{ 



-(DT 



^ dy 
(1 +!>*)* 
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and 



dx __ 2Ay — y' 
dy 



V4c*-(2%-y7 

The investigation of the equation of the Lintearia was 
first effected by James BemoullL 

119. Considering the equUibrium of a plane flexible 
membrane, the stress along any line, that is, the action 
between the contiguous portions of the surface bounded 
by that line, is in general oblique to the line, and is therefore 
represented by a tension t and a tangential action t ; we 
shall now shew that for any two directions, at right angles to 
each other, t is the same, and that there are two directions 
for which t vanishes. 

Taking any small square element of the surface, the 
tangential actions t& and (t + 8t) hs on a pair of opposite 
sides form ultimately a couple tSs*, if & be a side of the 
element; and, since this must be balanced by the other 
couple, tZs^, if T be the tangential action in the direction at 
right angles, it follows that t and. r are equal. 

Now take a small triangular element, OAB, right-angled 
at 0, and represent the stresses as in the figure. 




Resolving parallel to AB, we obtain 

tAB + ^0J5sin + tOB cos 0==t'OA cos e + rOA sin 0, 

.-. 2t = (^' - ^) sin 2j9 - 2t cos 2^, 

2t 
and T vanishes when tan ^0=j, — -, , giving two directions at 

right angles. 
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120. If in the previous figure we assume that OA and 
OB ara^the directions of zero tang^itial action^ and if we 
resolve in the directions perpendicular and parallel to AB, we 
shall obtain 

T=<cos«d+«'8in«d, 

T'^(t'-t)tn.n 0008 0. 

The quantities t and t' are now the greatest and least, or 
the least and greatest tensions, and we shall therefore call 
them the Principal Tensions. 

121. If <f> be the inclination of AB to OA produced, and 
if <f)' be the inclination to OA of the resultant stress, It . AB, 
upon AB, 

^ ., tVA t'. 

if 
.'. tan^' tan^ = — -, 

V 

also B^Aff = fOff + 11*0 A\ 

. If.then we describe an elUp^ having its axes in the 
directions OA and OB, and such that 



t^ 


= - and t 
a 


1 
"6' 


R' = 


cos' <!> , 1 

8 ' 

a 


sin' (6 
6' 



and it therefore^ffoUows that if any line OP be drawn through 
0, the rate of stress upon it is represented by the radius 
vector of the ellipse, and the direction of the stress is that of 
the diameter conjugate to OP, 

122. If now we take the case of a flexible membrane 
exposed to fluid pressure, and consider the equilibrium of a 
small elemeut of the membrane, the results of the three 
preceding articles are at once applicable to the case, for in 
the limit the components of normal pressure disappear in 
comparison with the tangential action, ' 

B. H. 11 
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123. A flexible surface of any form is exposed to the 
acticm of fluid ; required to find trie relation between the 
pressure, principal tensions^ and the curvatures in the directions 
of these tensions, at any point*. 

Let Q, Q, be points contiguous to P, on the lines of prin- 
cipal tension PQ, PQ, through P; draw normal planes 
through Q and Q\ perpendicular to the lines, PQ, PQ , 
cutting the surface in the arcs, AB, AD, and let BG, CD, be 
the arcs of section made by normal planes through contiguous 
points in Q'P, QP, produced. 




The element BD is kept at rest by the tangential forces 
tAB, tCD, t'AD, t'BG, and the normal force, p.AB. BG. 

Let r, r, be the radii of curvature at P of the curves P Q, 
PQ \ then, resolving along the normal at P, we have 
ultimately 

p.AB. BG^ 2tAB^^ + 2t'BG^^^ 



rf 



and 



t t' 



If the nature of the surface be such that i = <, the above 
equation is 

t r r 

* The student must be guarded against the idea that there is any connection 
between principal tensions and principal curvatures. 

For instance, imagine a membrane folded round a cylinder, and draw a 
number of helical Lines of the same pitch on the membrane. 

The membrane can be tightened in the directions of these lines, which 
wiU become the directions of greatest tension, the perpendicular tension being 
zero, and the stress along a gejierating line being oblique' to that line. 



THE TENSION OF FLEXIBLE SUEFACES. 163 

or, Ml z=-f{Xy y) be the equation to the surface, 

f-^(S'^(i)r 

= Ii /'—Vl — - 2 — ^ j?!l. |i 4. /^Vl ^^ . 

1 Wy/ J cte" dx dy dxdy \ \dx) J dy^ ' 

the equation obtained by Lagrange and Poisson. 

124. If the directions of t and t' are not those of prin- 
cipal tensions the tangential action will appear in the 
equation. 

Taking any point on the surface, two directions OA, OB 
at right angles to each other, let f, t' be the tensions in these 
directions, and T\ T the tangential actions in the same 
directions. 

Oz being the normal at 0, draw four planes parallel to, 
and very near to, the normal planes AOz, BOz, cutting the 
surface in CD, BE, EF, FG. 




Then, ultimately, the tangential actions, T . CD and 
T . EF on CD and EF are equal and opposite, as are also 
those on ED and CF. 

Hence, by taking moments about OZ, it appears that 
r=r', as in Art. 119. 

If d be the inclination to the plane xy of the tangent at 
A to the curve CD, 

11—2 
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axdy 
and similarly at the point a, 

Hence the sum of the actions T. CD and T. EF in the 

direction Oz 

^T.CD^OA-T.EF-f^(rOa) = T.GD.DE.^, 
axdy axdy^ axay 

and a similar tenn arises from the action T, 
Resolving along Oz, we now obtain 

p.CD,DE=^2tCD — + 2t'DE^ + 2T.CD.DE ^^ 

J- tic n* 



dxdy' 

and ,',pA+(-^ + 2T^\ 

^ r r dxdy 

125. If we imagine a surface of such a nature that the 
tension at any point is always perpendicular to a line of 
division through that point, it can be shewn that the tension 
at any point is the same in every direction. 

Let a small triangular portion of the surface be supposed 
rigid ; then the equilibrium in the tangent plane is entirely 
determined by the tensions of the sides of the triangle, for the 
tangential impressed forces, if there be any, will ultimately 
vanish in comparison with the tensions ; and since these ten- 
sions are perpendicular to the sides, they must be in the ratio 
of their lengths, and therefore the measures of tension in all 
directions are the same. 

Further, the tension will be the same over the surface, for, 
if a small rectangular element be considered, the tensions on 
the opposite sides must be equal. 

* The general question of the equilibrium of flexible surfaces is dis- 
cussed in a paper, by myself, in tha Qaarterly Journal of Mathematics , 
Vol. IV. 1860. 
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The conception of such a surface is of the same nature as 
the conception of a perfectly rigid body or of a perfect fluid ; 
nevertheless we obtain approximate specimens in the case of 
liquid films, such as soap-bubbles, or the films which may be 
seen in a clear glass bottle containing liquid which has been 
shaken about. 

The consideration of the equilibrium of liquid films we 
defer to the next chapter. 

126. A vessel^ formed of flexible and inextensible 
material, is in thef<yrm of a surface of revolniion, and is held 
with its axis vertical, and filled with homogeneous liquid : 
it is required to determine thi principal tensions at any point. 

Let be the lowest point of the vessel, and take 
for the origin. 




Measure x vertically upwards, and let PEQ be any hori- 
zontal section, the upper rim being AGB, which is supposed 
to be fixed. 

At all points of the horizontal section PQ, the tensions 
are evidently the same. 

Let t be the meridional tension, i.e. the tenaon at P, in 
direction of the tangent at P to the curve AP, and if the 
horizontal tension at P; these are the principal tensions. 

The vertical resultant of the tension t along the section 
PQ counterbalances the resultant vertical pressure on the 
surface POQ ; hence, if 

OE = X, EP = y, and angle PTO ^ 0, 
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Iiryt cos ^ = 1 gpir'iP dx + gpin^ (c — a;), if 00 = c. 

This equation determines ty and If is given by the 
equation 

^ + ^,=1), Art. 123* 
r T 

where p^gpic — z). 

It will be observed that r is the radius of curvature of the 
curve AP at P, and that r, the radius of curvature of the 
perpendicular normal section, is the normal PG. 

127. A more general proposition is the following : 

A flexible vessel, in the form of a surface of revolution^ is 
subject to fluid pressure, such that it is the same at all 
points of the same circular section; it is required to determine 
the principal tensions at any point 

Let PEQ, VE'Q be two consecutive circular sections, and 
let t be the meridional tension at P. 



» 


B 


I 




i: 




E 


/ 


c 


} 


y 



If OP = s, the resultant tension, parallel to the axis, on 
the circle PQ, 

fix 
= 27r3^^; 

•*. the resultant tension, parallel to Ox, on P'Q' 

* This equation may also be obtained, for this case, by taking a 
small element bounded by lines of curvature, that is by meridians and 
horizontal circles; it will be necessary to employ Meunier's theorem, 
and to observe that the osculating planes of lines of curvature are not 
generally normal planes. 
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The diflference of these two counterbalances the resultant 
pressure, parallel to Ox, on the strip of surface between the 
circles PQ, P'Of, which is equal to 

if 2) be the pressure at any point of the circle PQ ; 

d [ j^dx\ dy 

and p being a given function of z, and therefore of 5, this 
equation determines the tension ty and, as before, t' is given 
by the equation 

r r ^ 

128. By eliminating p we obtain a relation between 
t and t\ but it is better to obtain the relation directly. 

Taking a small element PP\ R'R bounded by meridian 
arcs, PP\ RR, and by circular arcs PR, P'R\ let S0 be the 
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ai^le between the meridian planes and 280 the angle between 
the tangent lines, at jP and M^ to the meridians. 



Then 



PR = yS<f>, PP'^^Bs, 



and, resolving parallel to the direction of the meridian 
bisecting PR and P'R', 

j-(tyS^)Sy:^2a8mi8e 

PR 



«i'&. 



PIS' 



this equation, and, since / = y sec $, 
the equation 






y 



determine t aad i. 



129. Examples. (1) A conical perfectly flexible ahd 
elastic bag attached, mouth downwards, by the rim to a 
horizontal plane, and filled with liquid by a small hole at the 
apex, has, when at rest, the figure of a right circular cone ; 
find the eqmiian to the figure it will assume when detached and 
the liquid let out, neglecting its weight. 

Let t be the tension at P in the direction perpendicular 
to the generating line VP, t' the tension in the direction FP, 
and 2a the vertical angle of the cone. 
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Th6a 



« = - + -, gives, if VN=^x, 



i 



i 



or 



99^ PQ ^ ^an a sec a ' 



But 2frPNlf cos a s= the resultant vertical pressure on 
VFQ 

= § 9fwr«' tan' a ; 

/. f'=^^/(}a?tanaseca. 

Let V'P'Q' be the generating curve of the surface of 
revolution into which the surface forms itself after the liquid 
has been let out, F'JVs=f, P'JV = 77, P' corre- v* 
spending to th« point P. 

If P'Q^ = &, a small arc of the curve, 

hx sec a = S« f 1 + —,\ , 



and ^tana 



-'(^-i). 




taking the modulus of elasticity different in the two direc- 
tions. Taking account of the values of t and t' obtained 
above, x can be eliminated between these two equations, and 
the relation between f and 17 will result. 

x^ ^r /• X ^ ^^ flrptan.aseca 1 
From the first equation, putting ^^- — —, = -^ , 

<& 1 

J- cos a = a 3 

ax ^ or 

I + -5 
a: 

8 X 

.*. - cos a = tan"* - , measuring 8 from F, 



or 



X 

- = tan 
a 



(icosa). 



Substituting this expression for x in the second equation, 
we obtain 
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. (B \ f- . apa^ tan a sec a . ,/« M 
a tan a tan [-cosal=i7 jl +^^- r- tan'f-cosajh , 

as the differential equation to the curve. 

If X = X', atana = i7 -Icot (- cos aj -f- Stan f- cos ajL 

(2) A flexible membrane in the form of a catenoid, that 
is, of the surface generated by the revolution of a catenary 
about its directrix, has its ends fastened to two equal circular 
boards of radius a, and the excess p of the air pressure inside 
over the air pressure outside is given. 

In this case the curvatures are in opposite directions, 
and if Pff be the normal at P, efich radius of curvature is 
equal io PQ, and the equations of equilibrium are 

^-^=p.P(7,and^' = |^(yO; 
and since PO = — , c -r- = joy, 

T being the meridian tension of the vertex ; 

and ^ = T + |-(3y'-c'). 

The first of these equations may at once be obtained by- 
considering the equilibrium of the portion AB, and then the 
value t' follows from the equation, t — t=pr. 

Neglecting the weights of the boards, and supposing the 
form of equilibrium to be maintained by the inside air 
pressure, we obtain 



2^a|T + £(a«-c*)}|=i«ra'. 



which gives 2t =pc, 

and the tensions then become, 

* 2c ' 2c 
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130. We have hitherto considered only laminae of uni- 
form thickness, but, in order to include cases in which the 
lamina is of variable thickness, a more general measure of 
the tension can be given. 

Suppose a bar -4jB of any homogeneous material 
to support a weight TT, and let k be the area of the 
section of the bar; then the tension at the section 
through P supports W and the weight of the bar PB; 
and if tk is equal to the sum of these weights, t is 
the measure of the tension at P per unit of area. 

It will be seen that t is one dimension lower 
than t 

In fact, if e be the thickness of a flexible lamina 
at any point, the tension at which, measured in the 
usual way per unit of length of section, is t, we have 

tSs = reSs, 

or t = er. 

131. The investigations of this chapter will not in 
general be applicable to surfaces which are inflexible, or of 
imperfect flexibility, but, if in any particular case the action 
between adjacent portions of a surface be wholly in the 
tangent plane, the relations obtained between the tension 
and the normal pressure will hold good. 

For instance, if a vertical circular cylinder formed of any 
inflexible substance be filled with fluid, the action at any 
point will be wholly tangential and of the nature of tension. 

Rigid or elastic lamina subjected to fluid pressure. 

132. We shall now consider the case of a cylindrical 
lamina, subjected to fluid pressure, such that it is the same 
along any generating line. 

If APQ be a cross section perpendicular to the generating 
lines, the stress between the two portions separated by the 
generating line P will consist of a tangential force, a shearing 
force, and a couple. 

Taking unit length of generating line, we shall denote 
these quantities by T, N, and G, observing that T, N, and G 
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represent the stresses exerted at P upon the element PQ, 
and ibai 7+ ST, J\^+ SN, O^SG.vbl the contrary directions, 
are the acdonfl at Q upon PQ. 




If then pBs he the fluid pressure upon PQ, we obtain by 
resolving parallel to the tangent and normal at P and by 
taking moments about P, 

ST+iN+ SJV) S^ ^pSs ^ = 0, 

or, ultimately, 

dT .^  dir _, . ds . 

5^ + ^=^' l^-^^Pd^-^' 

If the form of a rigid lamina be given, those equations 
determine the stress at any point. 

If the lamina be elastic, we have the additional condition 

that G is proportional to the curvature, or that, © = — , and 

we can then eliminate (7, iV, and 7, and obtain the differential 
equation of the form assumed by the lamina. 

Further the equations will determine the law of fluid 
pressure under the action of which an elastic lamina will 
assume any assigned cylindrical form. 
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133. To illustrate the use of these equations, consider 
the ease of an elliptic cylinder, formed of some thin rigid 
substance, closed at its ends and filled with air the pressure 
of which exceeds by f the pressure of the external air. 

Eliminating i^T, we obtain 
measuring s and (f> from one end of the conjugate axis, 



r = 



ab (a' sin' + 6' cos' «^)*' 



and, by the method of the variation of parameters, it will be 
found that 

T ^p Jo? sin^ + 6' cos' + -4 cos + 5 sin 0, 
and .*. 

(a* — 6') sin cos 



JV= .4 sin — jBcos — p 



J a* sin' + 6* cos' 



Employing the consideration of symmetry and the law of 
the equality of action and reaction, it follows that N vanishes 
at the apses and .*. -4 = 0, and -B = 0. 

Hence T^^^-^q^ > ^^^ ^= ^P — jr~ ^^ sin cos ; 

also TT ~ -^^ leads to 

a0 



G=^ 



2d'sin'0 + 6'cos'0' 
assuming that, when ^ = 0, there is no stress. 

134. As a further illustration, imagine a thin elastic 
lamina, naturally plane, pressed on one side by an excess p 
of air pressure, and supported at its side by two equal parallel 
forces. 

In this case, (7 = - , 

r 
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, ^j IdO Edr 

and -^=-TT =-"8 jt; 

rdif> r^d<l> 

dT_Edr .m^p E 

Measuring from the middle point of the curve, and taking 
P for the force, and a for the deflection at each end, at which 
r is infinite, 

(7= P sin a. 
E 



,-. r=Psina- 



2r 



» 9 



d ( Edr\ p . _^E ^ ^ 



^^ r'd<f>^ r* \d<t>) E 2r^ E'~^' 

/drY 
an equation which can be integrated by putting ^=[;r;] , and 

dv 
we thus obtain -yi in the terms of r. 

dq> 



EXAMPLES. 

1. Supposing the cylinders of a Bramah's Press made of 
the same material, and the stress to be the same in each, 
what should be the ratio of the thicknesses of the cylinders ? 

2. A cylindrical vessel is formed of metal a inches thick, 
and a bar of this metal of which the section is A square 
inches, will just bear a weight TF without breaking. If the 
cylinder be placed with its axis vertical, find how much fluid 
can be poured into it without bursting it. 

3. The tensile strength of cast iron being 16000 lbs. 
weight per square inch of section, find the thickness of a cast 
iron water-pipe whose internal diameter is 12 inches, that 
the stress upon it may be only one-eighth of its ultimate 
strength when the head of water is 384 feet. 



EXAMPLES, 175 

4. A hollow cone, the vertex of which is downwards, is 
filled with water; find where the horizontal tension is 
greatest. 

Also find where the tension in the direction of a gene- 
rating line is greatest. 

5. The top of a rectangular box is closed by an uniform 
elastic band, fastened at two opposite sides, and fitting 
closely to the other sides ; the air being gradually removed 
from the box, find the successive forms assumed by the 
elastic band, and when it just touches the bottom of the box, 
find the diflference bet^ireen the external and internal atmo- 
spheric pressures. 

6. An elastic tube of circular bore is placed within a •^^'^'r- 
rigid tube of square bore which it exactly fits in its un- _-. 
stretched state, the tubes being of indefinite length ; if there ^uxlh 
be no air between the tubes and air of any pressure be forced 

into the elastic tube, shew that this pressure is proportional 
to the' ratio of the part of the elastic tube that is in contact 
with the rigid tube to the part that is curved. 

7. A vessel, formed of a thin substance, in the shape of 
a cone with its axis vertical and vertex downwards, is just 
filled with liquid and closed at the top. If it be made to 
rotate uniformly about its axis, find the principal tensions at 
any point. 

'- 8. A spherical elastic envelope is surrounded by, and full 
of, air at atmospheric pressure (11), when an equal amount is 
forced into it. Prove that the tension at any point of the 

envelope then becomes 0-75 (2?'^* — r''), where r, r' denote 

the initial and final radii. 

9, An elastic spherical envelope whose natural radius is 
a, has air forced into it so that its radius becomes 6 ; it is then 
placed under an exhausted receiver, and its radius increases 
to c ; find the quantity of air forced in, assuming that the 
tension is proportional to the increase of surface. 

10. An elastic spherical envelope of radius a, is filled with 
air at the same pressure and temperature as the surrounding 



i 
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air. Assuming that the tension varies as the increase of 
surface, and that if the quantity of air inside be doubled the 
radius becomes ma, and that if the temperature inside be 
then raised to T\ the radius becomes twi, prove that 

11. A hemispherical bag, supported at its rim^ is 
filled with water ; the principal tensions at a depth oi are in 
the ratio 

oj* -f- CM? -f- a' : 2j7* + Zoo? — a*. 

Find also where the horizontal tension vanishes, and 
explain the circumstance of its being negative for a portion 
of the bag. 

12. If the hemispherical bag be closed at the top by a 
rigid plane to which its rim is tied, and then inverted, shew 
that the principal tensions at a depth a?„ are in the ratio 

3a — 2a? : 9a — 4a?. 

13. A spherical envelope is just filled with liquid, which 
rotates uniformly about a diameter ; neglecting gravity, 
prove that the principal tensions at an angular distance ^ 
from the axis of rotation are 

\ po) V sin' ^ and f po) V sin' ^, 

14. A cylindrical shell of finite thickness is formed of a 
material such that a bar, one square inch in section, can 
sustain a tension t without giving way. If this shell be 
subjected to an internal fluid pressure w, which is only just 

not sufficient to burst the cylinder, prove that «" = TlogT; 

where a and h are the external and internal radii of 
the shell. 

15. Shew, from the equations of Art. 127, that, if f be 
equal to i! at every point, each is constant. 

Shew also that, in general, if f be a maximum or a 
minimum, it will be equal to t\ 
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16. A flexible bagj in the form of a right circular cone, 
just filled with liquid, has the rim of its base fastened to a 
rigid plane, and the liquid is acted upon by repulsive forces 
from the centre of the base, varying as the distance ; find the 
principal tensions at any point. 

If an aperture be made in the rigid pkne, fitted with a 
piston, and a blow be struck on the piston, find the principal 
impulsive tensions at any point. 

17. If, in Art. 127, the vessel be a paraboloid, and if the 
principal tensions be equal at any point of the horizontal 
section through the focus, shew that the length of the axis is 
|ths of the latus-rectum. 

18. A convex inextensible pliable envelope in the form 
of a surface of revolution with its axis vertical is exposed to 
water-pressure from within. Prove that at the widest part 
the tension along the meridians is a maximum or minimum 
according as it is less or greater than the tension across the 
meridians. 

19. A flexible bag is in the form of a surface of revolu- 
tion and subjected to a constant fluid pressure. Find the 
form in order that the ratio of the pressure to the maximum 
principal tension may be twice the curvature ; and find the 
principal tensions at any point. 

20. A quantity of liquid within a thin spherical shell 
rotates about a vertical axis with uniform angular velocity : 
find the principal tensions at any point, and examine the 
effects of an increase in the velocity of rotation. 

21. A flexible surface, such that the tension at any 
point is the same in every direction ; and whose form is 
given by the equation z = <l>(xy y), is exposed to the action 
of fluid, find the ratio of the pressure to the tension at 
any point. 

Shew that this ratio is 11 : 12 at the points of the 
surface 4a;' = ^z^ {ai? + y^\ where x = y = z, 

22. A right circular cylinder is made of elastic material 
attached to rigid fixed plane ends. It is distended by fluid 

B. H. 12 
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pressure. Supposing that the tensions in the meridian 
and circular sections are regulated by Hooke's law, obtain, 
equations sufficient to determine completely the shape it will 
assutne. If the pressure p be constant, prove that the 
meridian curve is 

a? -f J. = I - J^y 

where a is the original radius, \ one of the moduli of 
elasticity, and Ay B, C, constants of integration. 

23. A plane elastic lamina, resting against two parallel 
bars, is bent by fluid pressure on one side into the form of a 
catenary ; find the law of the fluid pressure. 

24. A vessel of thin rigid material, in the form of half a 
circular cylinder is filled with water, and supported by 
vertical forces at its bounding generating lines which are 
horizontal; prove that the stresses at any point distant ^ 
from the lowest point are such that 

, = 9 sm 9 + cos 9, - — , = — 9 cos 9, 



ffpa ^ ^ gpa 

and — a = -s — 9 sm 9 — cos 9. 

gpa 2 ^ ^ ^ 

25. A rigid lamina in the form of a cylinder the cross 
section of which is a catenary, is subjected to air pressure on 
the concave side and supported by two equal forces parallel 
to the axis of the catenary ; find expressions for the stresses 
at any point. 

26. A plane elastic lamina rests on two parallel hori- 
zontal bars, and is bent downwards between the bars by a 
constant air pressui*e above ; form the difi^erential equation 
connecting the radius of curvature and the deflection. 

Also form the differential equation when the bending is 
effected by pouring water on the lamina to the level of 
the bars. 
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135. It is a well known fact that if a glass tube of small 
bore be dipped in water, the water inside the tube rises to a 
higher level than that of the water outside. 

It is equally well-known that if the tube be dipped in 
mercury, the mercury inside is depressed to a lower level than 
that of the mercury outside. 

If a glass tumbler contain water it will be seen that at 
the line of contact the surface is curved upwards and appears 
to cling to the glass at a definite angle. 

If the tumbler be carefully filled, the level of the water 
will rise above the plane of the top of the tumbler, the water 
bulging over the found edge of the top. 

If water be spilt on a table, it has a definite boundary, and 
the curved edges cling to the table. 

These facts, and many others, have led to the theory 
of the existence of a surface tension, the laws of which may be 
stated as follows : 

(1) At the bounding surface separating air from a liquid, 
or between two liquids, there is a surface tension which is the 
same ai every point and in every direction. 

(2) At the line of junction of the bounding surface of a 
gas and a liquid with a solid body, or of the bounding surface 
of two liquids with a solid body, the surface is inclined to the 
surface of the body at a definite angle, depending upon the 
nature of the solid and of the liquids. 

In the case of water in a glass vessel the angle is acute ; 
in the case of mercury it is obtuse. 

12—2 
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Assuming these laws we can account for many of the 
phenomena of capillarity and of liquid films. 

136. Rise of liquid between two plates. 

If t be the surface tension, a the constant angle at which 
the surface meets either plate, called the angle of capillarity, 
h the mean rise, and d the distance between the plates, we 
have, for the equilibrium of the unit breadth of the liquid. 




Q 



JIT 



V. 



2t COS a =gphd, 

so that the rise increases with the diminution of the distance 
between the plates. 

It will be seen that the pressure at any point Q is less 
than the pressure at Nhj gp . QN. 

and .*. = n —gpQK 

The atmospheric pressure at P being sensibly equal to 
the pressure at the water level outside, it follows that the 
weight PN is supported by the resultant of the surface 
tensions on its upper boundary. 

137. Rise of a liquid' in a circular tube. 

In this case the column of liquid is supported by the tension 
round the periphery of its upper boundary, and therefore, if r 
be the internal radius, 

2irrt cos a = gpirr^hy 

2t cos a = gprh. 



or 
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The pressure at any point of the suspended column being 
less than the atmospheric pressure, it follows that if the 
column were high enough, tne pressure would merge into a 
state of tension, which would still follow the law of fluid 
pressure of being the same in every direction. 

It may be observed that the potential energy, due to the 
ascent of the column, is independent of the radius. 

The Capillary Curve. 

138. The capillary curve is the form assumed by the 
surface of a liquid in contact with a vertical wall. 

If OE be the vertical wall, and OA the natural surface of 
the liquid, consider the equilibrium of the elementary portion 
PQMN, taking one unit of breadth perpendicular to the 
plane of the paper. 



X 



A. 




If PQ = Ss, the vertical resultant of the surface tensions 
at P and Q is 



2^^^ cos 6, 
r 



r being the radius of curvature at P, and this supports the 
weight of the column, since the atmospheric pressure at P, 
and the liquid pressure at JV are practically equal, 

t cos <f> ^ 5. 



N. 



and 



ry = T, if4* = 5r/)c'. 
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and, inverting the figure of Art. (117), we see that the 
capillary curve is a particular case of the elastica. 

The particularity consists in the fact that OA is a tangent 
to the curve, so that t^ = when y = 0, and enables us to 
obtain the Cartesian equatioiL 

To do this, we have ^ ^^ = -5^, 

c 



« 



/ [dy\*_ c* d^_ 2y'-c' 

Integrating, and taking the origin so that y^c, when 
aj = 0, 

we obtain x + Jc^ — y* = log ^ , 



y 



l^sechj^Car+^c'-J/*)}. 



If y = 0, a: is infinite, and, taking the figure of Art. (117), 
the elastica is identical with the capillary curve when BG is 
the tangent at B and G, but this is only possible when the 
length is very great. 

For the intrinsic equation in this case, 

c* dr dy . . 

-4?# = # = '"''°^' 

c* - , da c 

^ 4sm^ 

and — = log — — , measuring s from the point <^ = a. 

tan-r 
4 
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139. If a drop of liquid be placed on a horizontal plane, 
it will in general take the form of a surface of revolutioai. 

Measuring x vertically downwards from the highest point, 
the equation of equilibrium will be 

if a be the radius of curvature at the l;iighest point. 

If the drop be large so that we may consider the top 
flat, and if we neglect the curvature of horizontal sections, 

r, and .'. r = —==== , approximately, 



1 

— s 

r 


X 


1 dr 

' r'dif} 


CQS(f> 


or. 


in 


Cartesians, 

d?y 
da? 





dy 

X J CLX X v-M 

— r=-a, ana , =^r^+ 0- 



Hm ° V'-dJ 



If h be the depth below tfee top at which the tangent is 
vertical, this leads to h^ = 2c^ and gives the expression \gph* 
for the surface tension. 

140. If water be introduced between two parallel plates 
of glass, so near to each other that the action of gravity may 
be neglected, the water pressure inside will be constant, and 
if the surface be a surface of revolution, it will follow the 
same law, and be subject to the equgition 

p being the diflPerence between the external and internal 
pressures. 

141. "The w^ll known experiment of floating a needle on 
the surface of water can be explained by aid of the laws of 
surface tension. 
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The figure representing a section of the needle and the 
surface of the water at right angles to the axis of the needle. 



the forces in action on the needle are the tensions at P 
and Q, and the water pressure on P-4Q, which is equal to 
the weight of the volume NPAQM of water; these forces 
counterbalance the weight of the needle. 

Further the horizontal component of the tension at P, 
together with the horizontal water pressure on BD, is equal 
to the tension at 5, PD being horizontal and BD vertical. 

These conditions determine the equilibrium, and lead to 
the equations, 

2^ sin ^ — a + gpc (c0 -f c sin ^ cos ^ — 2A sin 6)^w 

U sin' - g^ - = gp (c cos — hy, 

where a is the angle of capillarity, w the weight of the needle, 
h the height of its axis above the natural level of the water, 
and 20 the angle POQ. 

Liquid Films. 

142. Liquid films are produced in various ways; a soap- 
bubble is a familiar instance, and liquid films may be 
formed, and their characteristics observed, by shaking a clear 
glass bottle containing some viscous liquid, or by dipping a 
wire frame into a solution of soap and water, or glycerine, 
and slowly drawing it out. 

The fact that films apparently plane, can be obtained 
shews that the action of gravity may be neglected in com- 
parison with the tension of the film. 

It is found that a very small tangential action will tear 
the film, and it is therefore inferred that the stress across any 
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line is entirely normal to that line. From this it follows, as 
in Art. (125), that the tension is the same in every direction. 

143. Energy of a plane film. 

If a plane film be drawn out from a reservoir of viscous 
liquid, a certain amount of work is expended, and the work 
thus expended represents the potential energy of the film. 

Imagine a rectangular film A BCD, bounded by straight 
wires AD.BG, AB being in the surface of the liquid, and CD 
a moveable wire. 

« 

The work done in pulling out the film is equal to 
t.AB. AD, and therefore, if 8 be the superficial energy, per 
unit of area, it follows that 

8=^t 

It should be observed that what we have here called the 
tension of the film is equal to twice the surface tension of 
either side of the film. 

144. A wire in a vertical plane of any shape Juis a piece 
of thready of given length and weight, fastened at two points, 
and the wire and the thread form the boundary of a plane 
liquid film. 

To find the form assumed by the thread, we shall express 
the condition that the potential energy of the system is a 
minimum. 




If A be the area OABC, the energy of the film 

= SA -fSydx, 
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and therefore if w be the weight of unit length of thread, the 
potential energy of the system is a minimum when 

J Sydx '\' w J yds 
18 a maximum, 
with the condition 

Jd$ = l. 

By the aid of the calculus of variations, this leads to an 
equation of the form, 

dx __ • y 

dy Jay* + 6y + c ' 
which is easily integrated. 

This equation may represent, for certain values of the 
constants, a circle or a catenary, as is obvious a priori. 

This question might otherwise have been solved by 
writing down the conditions of equilibrium of an element of 
the thread. 

145. Energy of a spherical soap bubble. 

If p be the difference between the internal and external 
pressures, 2t = pr, and, assuming t constant, the work done in 
expanding from r to r -f Sr, is 

p . 47rr*Sr, or ^ittrhr ; 

.*. the total work done in forming a bubble of radius c = 47rte', 
and as before the superficial energy = L 

And, in general, whatever be the form of a film, its 
energy = < . fi^, if /S be the surface, for the energy of a plane 
element = ^SjS>. 

The Forms of liquid films, 

146. If the air pressure be the same on both sides of a 
film, the condition of equilibrium is that 

i + ^ = o, 

r r 
or that the mean curvature is zero. 
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This condition is satisfied in the cases of the catenoid 
and the helicoid, which are therefore possible forms of liquid 
films. 

In Cartesian co-ordinates the equation becomes 

f /dzy]€Pz dzdz d^z J (dzV)d^z_ 

\ \dy) j da? dx dy dxdy \ \dxj j dy* "~ 

as in Art. (123). 

The discussion of this equation is the subject of many 
memoirs by eminent mathematicians, and several very re- 
markable special solutions have been obtained. 

For instance the surfaces, 

^__cosy ^^j 4sin2r = (e*-6"*)(e'-e"*'), 
cos a? ^ ^ ^ 

will be each found to possess the property that its mean 
cuiTature is zero *. 

In Plateau's work, 8ur les liquides soumis aux seules 
forces molecidaires (2 vols. 1873), will be found an elaborate 
account of the labours of mathematicians on this subject, and 
of his own extensive series of experiments, but, within the 
limits of this treatise, we are unable to do more than to call 
attention to the work of Plateau and others, and to place 
before the student the leading ideas and some of the most 
important results. 

147. If the form of the film be that of a surface of 
revolution, then taking the axis of the surface as the axis of z, 

r^==x'+y'=f(z). 
Substituting in the equation above, we obtain 

{/' (z)Y + 27^- r'f" {z) = 0; 
which, by transformation, becomes 

^ dz' [dzj ~ ^* 
Integrating, . 

* Catalan, Journal de VEcole Polytechnique, 1856. 
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x+b M+b 

or 2r = € • + a'e* • , 

assuming a'e *=€ *, 

the result is 

2r = a (e « + € « ), 

shewing that a catenoid is the only possible form of revolution 
of a film when the pressure is the same on both sides. 

148. The same result is obtained by the principle of 
energy, for the surface 

ftiryds 

is then a maximum or a minimum, and, by the calculus of 
variations, this leads to a catenary as the generating curve, 
the axis of revolution being the direction of the catenary. 

Now it is well known that if the origin, the directrix, and 
one point of the curve be given, there are two catenaries 
which can be drawn, abgve and below the catenary of 
minimum tension at the given point. 

These correspond to the maximum and minimum surfaces, 
the former being the form of unstable equilibrium for the 
film, and the latter of stable equilibrium, in accordance with 
the known law that positions of stable and unstable 
equilibrium occur alternately. 

149. If the pressures on the two sides of a film be 
different, and if p be the difference, the condition of 
equilibrium is 

1 1 « 

- + -=-, 
r r t 

or that the mean curvature is constant. 

We shall apply the principle of energy to prove this 
relation for the case of surfaces of revolution. 

The fact that p is constant may be expressed by closing 
the ends and assuming that the volume of air inside is 
constant. 
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The variation of the expression 

is therefore zero. 
This leads to 

d^^ y^ Y'^^ ''' d? ^\ f^ 2) ds' 

Hence, if PO be the normal, 

1.1 ^ . ^x ^1 dy 
^±- = -A„8ince-^. = + --J. 

according as the curve is convex or: concave to the axis of x ; 
that is the mean curvature is constant. And, in the general 
case, we have to express the condition that the surface is 
a maximum or a minimum with a given volume, leading to 
the same general result*. 

150. If the film be in the form of a surface of revolution, 
we can shew that the meridian curve is the path of the focus 
of a conic rolling on a Straight line. 




If p be the radius of curvature of the conic, and r the 
radius of curvature of the path of 8, 

* See Jellet's Calculus of Variatioru, or Todhunter's Integral Calculus, 
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1_ 1 p COS SPG 



SP" 

1 PGT 

^ ap" pr am > ^^ being perpendicular to 8P, 

1 PL 



8P 8Y*' 
1 J 2 PL 



/ 



In the case of the parabola, this vanishes, and r = — SP. 
For the ellipse, 



SY' 



BC 



SP^^SP.HP' ^^^ r'^SP^AC 



and for the hyperbola, 



1^ 1 _ 1 
r '^SP'"' AG' 



The first is the catenoid ; the second and third are called 
by Plateau the Unduloid, and the Nodoid, the former being 





a sinuous curve, and the latter presenting a succession of 
nodes. 

To obtain a clear view of the generation of the nodoid, it 
must be considered that, as one branch of the hyperbola rolls, 
the point of contact moves off to an infinite distance ; the 

* See Roulettes and Glissettes, 



I 



EXAMPLES. 191 

line then becomes asymptotic to both branches, and the 
other branch begins to roll, thereby producing a perfect 
continuity of the figure*. 

Of the numerous works and papers on the subject of 
liquid films the student will find full accounts in Plateau's 
work, and in Professor Clerk Maxwell's article in the British 
Cyclopaedia. 



EXAMPLES. 

1. Two spherical soap bubbles are blown, one from water, 
and the other from a mixture of water and alcohol: if the 
tensions per linear inch are equal to the weights of one grain 
and ^ grain respectively, and if the radii be ^ inch and 1^ 
inch respectively, compare the excess, in the two cases, of 
the total internal over the total external pressure. 

2. If two soap bubbles are blown from the same liquid, 
of radii r and r\ and if the two coalesce into a single bubble 
of radius J?, prove that, if 11 be the atmospheric pressure, 
the tension is equal to 

n iZ^-r^-/' 

If a soap bubble be placed between, and in contact with, 
two parallel plates, which are then slowly drawn apart, what 
are the forms, synclastic and anticlastic, which can be 
assumed ? 

3. The superficial tensions of the surfaces separating 
water and air being 8*25, water and mercury 42*6, mercury 
and air 55, what will be the eflfect of placing a drop of water 
upon a surface of mercury ? 

4. A drop of oil, placed on the surface of water, at once 
spreads itself out into a layer of extreme tenuity ; explain 
the cause of this expansion of the oil, and prove, from obser- 
vation of an attendant phenomenon, that the thickness of 
the layer may become less than 00001 of an inch. 

* (Plateau, Vol. i. p. 136. See also an article by Delannay, Li(mville*8 Jour- 
nalj 1811, and an article by Lamarle, Bulletins de VAcacUmie Belgiqtte, 1857.) 
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What will take place if another drop of oil is placed on 
the surface ? 

5. Shew that if a light thread with its ends tied together 
form part of the internal boundary of a liquid film, the cur- 
vature of the thread at every point will be constant. 

If the thread have weight, and if the film be a surface of 
revolution about a vertical axis, prove that, in the position of 
equilibrium, the tension of the tnread is 

I being its length, w its weight per unit length, and r the 
tension of the film. 

6. A plane liquid film is drawn out from a soap-sud 
reservoir ; prove that the numerical value of the energy per 
unit of area (e) is equal to that of the tension {T) per unit 
of length. 

If the film be removed from the reservoir, and if a denote 
subsequently the mass of unit of area, prove that 

da 

7. Any number of soap-bubbles are blown from the 
same liquid and then allowed to combine with one another. 
Find the radius of the resulting bubble, and prove that the 
decrease of surface bears a constant ratio to the increase of 
volume. 

8. The surface tension of water exposed to air is such 
that the stress across an inch is equal to the weight of about 
3*3 grains. If 1,000,000,000 spherical drops combine to form 
a single spherical rain-drop -^ inch in diameter, shew that 
the work done by the surface tensions is equal to about 
•0001277 foot-pounds. . , , 

9. If a film under unequal ^and external pressure form a 
surface of revolution, prove that the inclination <^ of the 
tangent plane at P to the axis is given by the equation 

, X b 

cos = - + - : 
^ a X 
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X being the perpendicular from P on the axis and a, b con- 
stants. 

10. A drop of liquid with uniform surface-tension is 
made to revolve about an axis. Prove that the meridian 
curve of the surface will be the roulette of the pole of the 
curve 






11. Two soap-bubbles are in contact; if r^, r^, be the 
radii of the outer surfaces, and r the radius of the circle in 
which the three surfaces intersect, 

3 1 



/v. 2 "T" ^ « 



4r r^ r^ r^r^ 

12. If a frame of fine straight wire in the form of a 
tetrahedron be lowered into a solution of soap and water and 
drawn up again, there are found in certain cases plane films 
starting from the edges and meeting in a point. Shew that 
this is not a possible form of equilibrium for every tetrahedron, 
and that it is so if one face be an equilateral triangle and the 
others isosceles triangles, whose vertical angles ai'e each less 
than sec "^ ( — 3). 

13. If water be introduced between two parallel plates 
of glass, at a very small distance d from each other, prove 
that the plates are pulled together with a force equal to 

2-4^ cos a ^, . 

^ 1- Mt sm a, 

a 

A being the area of the film and B its periphery. 

14. A hollow right circular cone of glass is placed with 
its axis vertical and vertex upwards in homogeneous liquid. 
Find the height to which the liquid will be raised in the 
cone, and write down the differential equation of the surface 
inside. Deduce results for a cylinder. 

15. A needle floats on water with its axis in the natural 
level of the surface; if o- be the specific gravity of steel 
referred to water, ^8 the angle of capillarity, and 2a the angle 

B. H. 13 
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subtended at the axis by the arc of a cross-section in contact 
with the water, prove that 

{tto- — a) sin i (a — y8) = cos a cos ^ (a + y8). 

16. A film of fluid adheres to two wires each of which 
forms one turn of a helix, the axes of the two helices being 
coincident, and their steps equal. Shew that the condition 
of equilibrium of the film will be satisfied if the differential 
equation to any section of the film through the axis is of the 
form 



when 27ra = step of either helix: (i.e^ distance between 
consecutive threads). 

17. To the extremities of the axis of a wire helix of 
pitch b, whose length is very great compared with its diameter, 
an elastic string (modulus of elasticity E) is fastened, the 
wire being bent over radially at each end so as to meet the 
axis. The string when straight is tight but unstretched. If 
the heHx and string be dipped into a solution of soap and 
then removed with a film adhering to the wire and string, 
shew that, except near the ends, the string will be drawn 
into a helix of radius r where r is given by the equation 

(167r*A'r- 647r'^0 ^* + ^^ir'h^TEr^ + STr'hTr' 

T representing the whole tension per imit of length (of both 
surfaces)' of a soap-film. 



CHAPTER X. 

THE EQUILIBRIUM OP REVOLVING LIQUID, THE PARTICLES 
OF WHICH ARE MUTUALLY ATTRACTIVE. 

151. If a liquid mass, the particles of which attract 
each other according to a definite law, revolve uniformly 
about a fixed axis, it is conceivable that, for a certain form of 
the free surface, the liquid particles may be in a state of 
relative equilibrium ; since, however the resultant attraction 
of the mass upon any particle depends in general upon its 
form, which is unknown, a complete solution of the problem 
cannot be obtained. 

For any arbitrarily assigned law of attraction, the question 
is one of purely abstract interest, and it is only when the 
law is that of gravitation that it becomes of importance, from 
its relation to one of the problems of physical astronomy. 

We shall consider the fluid homogeneous, and confine our 
attention to two cases; in the first of these the attractive 
forces are supposed to vary directly as the distance, and, in 
the second, to follow the Newtonian law. 

152. A homogeneous liquid mass, the particles of which 
attract each other with a force varying directly as the distance, 
rotates uniformly about an axis through its centre of gravity ; 
required to determine the farm of the free surface. 

The resultant attraction on any particle is in the direction 
of, and proportional to, the distance of the particle from the 
centre of gravity ; and if /a be a measure of the whole mass 
of fluid, fix, fiy, fiz, may represent the components of the 
attraction, parallel to the axis, on a particle of fluid about 
the point x, y, z. 

13—2 
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Taking the origin at the centre of gravity, and axis of 
rotation as the axis of ^, the equation of equilibrium is 

dp = p {(cdV — fjuc) dx + {oi>^y — fiy) dy — fizdz] ; 

and therefore 

At the free surface p is zero or constant, and the equation 
to the free surface is 



'l-^{x' + f) + z^ = D, 



the constant D depending upon cd, and upon the mass of the 
fluid. 

If (o^<fji, the free surface is a spheroid which becomes 
more oblate as a> increases, and when co^ = /jl, the free surface 
consists of two planes ; to render this possible we may conceive 
the fluid enclosed within a cylindrical surface, the axis of 
which coincides with the axis of rotation. 

When Q)^>fi, the free surface is a hyperboloid of two 
sheets, which for a certain value (©) of a> becomes a cone, 
the fluid filling the space between the cone and the cylinder. 
Taking account of the volume of the fluid, the value of (o' 
can be determined by putting D = 0, since, the pressure in 
this case vanishes at the origin. 

If 0) > ft)', the surface is a hyperboloid of one sheet, which, 
as ft) increases, approximates to the form of a cylinder, and it 
is therefore necessary, for large values of ft), to conceive the 
containing cylinder closed at its ends. 

The results of this article, it may be observed, are equally 
true of heterogeneous fluid, whatever be the law of variation 
of density in the successive strata. 

153. A mass of homogeneous liquid, the particles of which 
attract each other according to the Newtonian law, rotates 
uniformly, in a state of relative equilibrium, about an axis 
through its centre of gravity ; required to determine a possible 
form of the surface. 
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For the reason previously mentioned a direct solution of 
this problem cannot be obtained, but it can be shewn that an 
oblate spheroid is a possible form of equilibrium. 

Let the equation to the spheroid be 

the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin, on a 
particle at the point {x, y, z) will be represented by 

^= ^^ {(1 + ^•') tan-^ ^ - A> 
r= ^^ {(1 + X.") tan-' \-\\, 

Z= ^ {\ - tan-' \\ (1 + \»), 

parallel, respectively, to the axes*. 

We have then for the surfaces of equal pressure, putting e for 

47r/o ' 
{2eX' + \ ~ (1 + X") tan"' \\ {xdx + ydy) 
+ 2 (tan'' X - X) (1 + \') zdz = 0. 

But, from the equation to the spheroid, 

xdx -\- ydy -\- (1 -i-X*) zdz = 0, 

and, as these equations must be identical, 

26X' + X-(1+X*) tan"'X = 2 (tan"'X-X); 

an equation the roots of which determine the possible values 
of X. 

* These expressions wiU be found in Laplace's M6canique CdesU, Pois- 
son's M6canique^ Duhamel's M6canique, and Todhunter's Statics. In the 

last named, the equation to the spheroid is — -~- + -jj-t^ r=l, but the ex- 

a^ a^ (1-e) 

pressions used in the text will result from the expressions there given by 
putting 1-^2 =__. 

By the use of X, irrational quantities are avoided. 



198 THE EQUILIBRIUM OF REVOLVING LIQUID. 



It may be written 

3X + 2eX^ 



-tan"'\ = (a), 



3 + V 

and the question is reduced to the discussion of the roots of 
this equation. 

For this purpose consider the curve 

^^~Y+x^ "■ ^^^' 

The abscissae of the points where this curve cuts the axis 
will be the values of \ required. 

It must be observed that, in the equation (a), tan~^\ is the 
least positive angle whose tangent is X; we have therefore 
only to consider one branch of the curve (^). 

If the signs of x and y be changed, the equation is unal- 
tered ; the curve is therefore the same in the compartment 
— /z?, — y, as in + a?, + y, and it is sufficient to examine the 
nature of the positive portion of the branch. 

When x = Oy y — 0, and as x increases from zero, y begins 
by being positive, and when x increases indefinitely, has 
always positive values ; hence the curve cuts the axis of x in 
an even number of points, exclusive of the origin. 

• A • rfy 2x^ {ex^+2 (56 - 1) a?' + Qe} 

^^^'''' dx- (1 + ^0(3 + ^0' 

-— is therefore zero at the origin (a point of inflection), and 
also at the points given by 

€a!*+2(56-l)a;*H-9e = (7). 

If the values of x^, obtained from this equation, be real, 
and positive, there will be a maximum and a minimum 
value of y ; the former, corresponding to the smallest root, 
will evidently be positive, since y begins by being positive ; 
if the latter, corresponding to the greatest root, be negative 
or zero, there will be two zero values of y or one only, and 
consequently two possible spheroidal forms of equilibrium, or 
one only. 



THE EQUILIBRIUM OF REVOLVING LIQUID. 



199 



If the minimum value of y be positive, there will be no 
zero value of y ; that is, the equilibrium of the fluid in the 
form of a spheroid is impossible. 

154. The preceding investigation may be illustrated by 
tracing the curve (^) for different values of e. 

TT 1 

Putting tan"^ a? = ^— tan"* -, and expanding, we obtain 

as the asymptote of the branch of the curve under considera- 
tion, and the appended figures exemplify the different cases 
above mentioned. 






Numerical Calculation. 

155. To calculate the limiting value of co for which the 
spheroidal form is possible. 

The equation (7) may have positive roots if 06 < 1 ; more- 
over the values of x^ will be real, and positive, if 

(l-5e)»>9e*, orl-5e>36; 
i.e. e<^. 
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The superior limiting value of e can however be obtained 
very approximately from the condition that, in the extreme 
case of possibility, the minimum value of y is zero. 

We have then y = and j^ = 0, simultaneously. 

Hence, substituting in (yS) the value of € obtained from 
(7), and putting y = 0, we have 

(a;'+l)(a;'' + 9)(x'+"3) ' 

a; (To;" + 9) . ., . .^. 

An approximate value of the positive root of this equation 
will be a value of x, which, substituted in (7), will give 
approximately the superior limit of the value of e. 

Since co' = 4sTrpe this determines the greatest possible 
rate of rotation consistent with the existence of a spheroidal 
form. 

When CO is less than the limiting value thus obtained, 
there will be two spheroids, either of which will be a possible 
form of the rotating fluid. 

156. Approximate determination of the positive root of 
tJte equation 



X (^a? + 9) 



— tan'* a; = 0. 



{x'+l){x'+Q) 
Denoting the first member hyf(x), it will be found that 



J W ~ /^ I 1 \2 / '2 , HAS 



this is positive from a: = to x= \/3, and is afterwards 
negative ; / (x) therefore increases until x = \/3, and then 
diminishes; and, since /(O) = 0, /(.t) begins by being 
positive. 
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By the use of the formulae 

4 ^ 



tan"^ 3 = "2 + tan"* J, 

it will be found without much difficulty that the root lies 
between 2 and 3, but the application of Newton's method 
with the value 2 as an approximate one shews that a closer 
' limit will be convenient. 

If then 2*5 be substituted we obtain, by the aid of the 
formula 

tan"' (2-5) = tan"' (2) + tan"' yV» 
/ (2*5) = '0025 approximately. 

Let x = 2'o+y, 

then, approximately, y = - j^/.^./^ , . 

but / (2-5) = - -085, nearly ; 

.-. y = -0293 and x = 2-5293. 

The substitution of this value in (7) will give 

6 =1123, 

as the greatest possible value of e or 7 — . 

Hence, when co is such that e < '1123, there are two sphe- 
roidal forms of equilibrium. 

If 6 is very small, one of the values of x (i.e. X) will be 
very small and the other large, and therefore as e decreases, 
the one spheroid becomes very oblate and approximates to 
a plane lamina, while the other approaches to the form of a 
sphere. 

To find the small value of X which satisfies the equation 



3\ + 2eX' 



8 



3 + \ 



jj tan \ = 0, 
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expand in ascending powers of \, and we obtain 

X' = -^ approximately. 

This gives a spheroid very slightly oblate, the ratio of its 
axes being V(l + ^*) : 1> or very nearly 1 + -t~ : 1. 

The large value of X is obtained by putting 

tan"* X = -^ tan"* - , 

and expanding in powers of — , a process which gives 

TT 8 

X = J h terms involving positive powers of e, 

as an approximation. 

157. Application to the case of a fluid, the density of 
which is equal to the Earth's mean density. 

If r be the Earth's radius and p the mean density of the 
Earth, 

f Trpr is the attraction at the surface of a sphere of fluid 
of the same radius as the Earth, and of density p. 

Suppose for a moment that the Earth is homogeneous, 
and spherical, 

then |7r/3r measures the force of gravity at the pole. 



2 8 



But, since e = -j — , and therefore Se = 



47r/o ' f "w/or ' 

36 : 1 :: difference of the measures of gravity at the pole and 
the equator : gravity at the pole {g). 

Taking a second and a foot as the units of time and 

space, 5^ = 32 approximately, r = 4000 x 1760 x 3, and it will 

27r 
be found that the time of rotation, — , giving by the limiting 

value '1123 of e, is a little more than -j^^th of a day. 
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This then is the smallest time in which a homogeneous 
fluid mass, of density equal to the Earth's mean density, 
could rotate uniformly so as to be spheroidal in form. 

158. The Earth, as is known by geodetic measurements, 
differs very slightly in its form from a sphere, and we can 
therefore apply our equations with great ease to the ques- 
tion of the homogeneity of the Earth, assuming it to have 
taken its present form when in a state of fluidity, or to 
be now a mass of fluid contained within a comparatively 
thin crust. 

It has been found by observation, that for the Earth the 
ratio o>V : g is about 1 : 289, and we have therefore 

But from Art. (156), V = ^ = 3«^, 
and the ratio of the axes of the spheroid 

= 1+^ : 1=232 : 231, nearly. 

This result does not accord with the facts obtained 
by actual measurement, which give 301 : 300 as an approxi- 
mate value of the ratio. 

The inference is that the Earth is not homogeneous. 

159. The foregoing articles are taken chiefly from 
Laplace, Mecanique Celeste, Tome ii. 

It must be observed that the general problem of the form 
of a rotating fluid is not solved ; all that is shewn being that, 
in certain cases, an oblate spheroid is a possible form of 
equilibrium. 

If CO be such that e > '1123, it does not follow that equi- 
librium is impossible, but only that the spheroidal form 
cannot exist for that particular angular velocity. 

If we put — \^ for \*, taking X'* as a positive quantity less 
than unity, the equation (7) of Art. 153 becomes 

eV*-2(5e-l)X'"H-9e = 0, 



204 THE EQUILIBRIUM OF REVOLVING LIQUID. 

or €(l-\")(9-X'') + 2X'^0, 

an equation which has no root less than unity. 

From this it follows that a prolate spheroid is not a 
possible form of equilibrium*. 

160. An important distinction has been pointed out by 
Poisson (Tome ii. p. 547), between the surfaces of equal 
pressure in a fluid at rest under the action of extraneous 
forces, and in a fluid at rest, or revolving uniformly about a 
fixed axis, under the action of the mutually attractive forces 
of its particles. 

Let ABG be the free surface, and DJEF B.uy surface of 
equal pressure ; then, in the former case, the resultant force 
at any point of DBF is perpendicular to the surface at that 
point, and is unaffected by the existence of the fluid between 
ABG and DEF\ this fluid could therefore be removed with- 
out affecting the equilibrium of the fluid mass bounded by 
DEF, In the latter case, the force at any point of DEF, 
although perpendicular to the surface at that point, is the 
resultant of the attractions of the mass of fluid contained by 
DEFy and of the mass contained between DEF and ABC", 
these two components of the resultant force are not necessarily 
perpendicular to the surface, and the fluid external to DEF 
cannot in general be removed without afl'ecting the equi- 
librium of the remainder. 

If, however, the fluid be homogeneous, and the particles 
attract each other according to the Newtonian law, so that 
the free surface may be spheroidal, the surfaces of equal 
pressure will be similar spheroids ; and in this case, since the 
resultant attraction of an ellipsoidal shell on an internal 
particle is zero, the portion of fluid between ABG and DEF 
may be removed, provided the rate of rotation remain un- 
altered. 

Moreover we have shewn, Art. (153), that for a given 
value of 0) not exceeding a determined limit, there are two 
possible spheroidal forms: let ABG, the free surface, have 

* Mic. celeste, Tom. ii. p. 69. The proof is also given in Pont^ooulant's 
SysUme du Monde, Tom. ii. p. 401. 
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one of these forms, and describe within the fluid mass a 
concentric spheroid, GHK, similar to the other spheroid ; 
then the fluid between ABC and QHK may be removed 
without affecting the fluid mass GHK. 

The action of the shell upon a particle at a point P of 
the surface GHK is not perpendicular to the surface at P, 
but this action, combined with the attraction of the mass 
OHK, and the hypothetical force measured by a>V, is perpen- 
dicular to the surface, at P, of the spheroid passing through 
P, which is concentric with, and similar to, the surface ABC, 

161. If a fluid mass be set in motion, about an axis 
through its centre of gravity, with an angular velocity such as 
to make the value of e greater than the limit obtained in Art. 
(155), it does not follow that the fluid cannot be in equi- 
librium in the form of a spheroid, for it may be conceived 
that the mass will expand laterally with reference to the axis, 
taking a more flattened shape, until its angular velocity is so 
far diminished as to render the spheroidal form possible. 

If the mass consist of perfect fluid, its form will oscillate 
through the spheroid of equilibrium, but if, as is the case in 
all known fluids, friction be called into play by the relative 
displacement of the particles, the oscillations will gradually 
diminish and at length a position of equilibrium will be 
attained. Employing the principle that the 'Angular mo- 
mentum' of the system, relative to the axis, will remain 
constant, we can determine the final angular velocity, and the 
form ultimately assumed*. 

.Considering the question generally, suppose the mass of 
fluid set in motion in any way, and then left to itself; the 
centre of gravity will be either at rest or moving uniformly in 
a straight line, and all we have to consider is the motion 
relative to the centre of gravity. 

Draw through the centre of gravity the plane, in the 
direction of which the angular momentum is a maximum ; 
then, however during the subsequent motion the fluid 

* The angular momentum of a system, relative to an axis, is the sum of 
the moments of the momenta of the several particles of the system about 
the axis. 
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particles act on each other, this plane, which may be called 
the 'momental' plane, will remain fixed, and when the 
motion of the particles relative to each other has been de- 
stroyed by their mutual friction, the axis perpendicular to this 
plane will be the axis of rotation of the fluid mass in its state 
of relative equilibrium. 

Let 2H be the given angular momentum of the system, 
and 0) its ultimate angular velocity. 

Taking c and c \/(l + ^') for the axes of the spheroid of 
equilibrium, and M for the mass, the expression for the 
angular momentum is | Mc^ (1 + V) o) ; 

.-. iJlfc' (l+X*)G> = ir; 

we have also | irpc^ (1 + X*) = M, 

and from these two equations, combined with the equation, 

^¥^^~tan-^X=0 ... Art. (153), 

the values of c, o), and \ can be determined. 
From the first two we obtain 

=^ (1 + X,')'', supposed ; 

. 3X-f2;>V(l + X')-i ^^^-.^_o 
3 + X« tan \-U, 

is the equation which determines X. 

The left-hand member of this equation is positive when X 
is very small, and negative when X is indefinitely large, 
and the equation has therefore a positive root ; consequently, 
the fluid mass will at length attain a spheroidal form of 
equilibrium. 

It can be shewn moreover that the equation has only one 
positive root, and therefore there is one spheroidal form, and 
one only, towards which the oscillating fluid mass continually 
approximates. 
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This discussion is taken from the M4canique Cdeste, 
Tom. IL p. 71, and from Pont^coulant's Syst^me du Monde, 
Tom. II. p. 409. 

162. It was discovered by Jacobi that an ellipsoid with 
three unequal axes is a possible form of relative equilibrium for 
a mass of rotating liquid. 

The following proof of Jacobi's theorem is taken from a 

paper by Liouville in the Journal de lEcole Poli/technique, 
Tome XIV. 

Taking the axis of rotation for the axis of z, suppose, if 
possible, that the surface of the liquid is of the form given by 
the equation 



^ , f 



+ T^v3 + -^-c' (1). 



Then, H M he the mass of the liquid, the resultant attrac- 
tions on a particle at the point (x, y, z) of the surface are 
respectively Ax, By, and Cz*, 

where ^=_J^__^^^^, 

c" Jo(l + \V)^' 

H representing the expression 

7(1 + xv) (1 + x'^u'). 

The differential equation of the free surface is 
(Ax — col^x) dx + {By — G>^y) dy + Czdz = 0, 
and therefore, if the free surface be the ellipsoid (1), 

(^-coO(l+X^ = (5-fi)»)(l+V*)=(7 (2). 

Eliminating o)', we obtain 

(1 +X^) (1 + V0 {A - B) = C(X"^X'), 

* See the M4canique C^leste^ Tome ii., or Duhamers Cours de M^anique, 
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and, substituting for A, B, and (7, this reduces to 

(1 + \') (1 + x-^) J' <^^^7"— = (>■'* - ^•) /' 



"^u^du 



L 



H ' 

Rejecting the solution X' = X, which leads to the case of an 
oblate spheroid, and transposing, we obtain 

an equation which, if X be assigned, determines X'. 

Assigning a positive value to X^, the left-hand member of 
the equation is positive if X' = 0, and is negative if X' = oo ; 
hence there is a positive value of X'* which will satisfy the 
equation. 

Moreover, from the equations (2), 

C 



" c' Jo 



X' (1 - u^) u^du 



(i+x^)(i + xv)ir' 

and ft)^ is therefore a positive quantity. 

Hence it is completely established that an ellipsoid with 
three unequal axes, the smallest of which coincides with the 
axis of rotation, is a possible form of the free surface. 

163. The resultant action of gravity at the surface is the 
resultant of the forces (A — q}^)x, {B—co^)y, and Cz, and 
is therefore inversely proportional to the perpendicular from 
the centre on the tangent plane. 

Also, bearing in mind that the attractions of a solid on an 
internal particle are Ax, By, and Gz, and utilizing Leibnitz's 
theorem, it is easily shewn that the resultant stress across 
any central plane section is perpendicular to that plane, and 
proportional to its area. 

164. It was pointed out by Mr Todhunter, and demon- 
strated in the following manner, that the relative equilibrium 
of the rotating ellipsoid cannot subsist when the axis of rota- 
tion does not coincide with a principal axi? . 
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Referred to the principal axis, let I, m, n, be the direction 
cosines of the axis of rotation, M any point (a?, y, z) of the 
mass, and N the foot of the perpendicular from M upon the 
axis. 

Then ON^lx + my + nz, 

and, if 0N= v, the co-ordinates of -AT are Iv, mv, nv. 

The acceleration to^MNj when resolved parallel to the 
axes, gives rise to the components 

therefore the diflferential equation of the free surface is 
{(o\x — lv)—Ax] dx + [ca^iy — mv)—By] dy + {(if{z - nv) — Gz] dz = 0; 

hence the form of the free surface is given by the equa- 
tion, 

co>*(x^+y^+z^)--(i)^{lx+my-{-nzy-'Aa^—By^-'Cz*—constaint, 

and this 6annot represent an ellipsoid referred to its principal 
axes, unless two of the quantities I, m, n, vanish, 

Mr Greenhill remarks that a particle of the liquid at the 
end of the axis of rotation will be at rest under the action of 
the attraction of the liquid alone, since the centrifugal force 
at that point vanishes. 

Hence the attraction on the particle must be normal to 
the surface, which is only the case at the end of an axis. 
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MISCELLANEOUS EXAMPLES. 



1. A cone, with its axis inclined at an angle 6 to the 
vertical, contains some water; it is turned till its axis is 
vertical. Shew that the whole pressure is altered in the 
ratio cos 6 \ 1, 

2. If mercury is gradually poured into a vessel of any 
form containing water, prove that the centre of gravity of the 
mercury and water will be in its lowest position when its 
height above the common surface bears to the depth of water 
the ratio of the density of water to that of mercury., 

3. If fluid of which the density at depth z is p^ (1 + Xz) 
fill a hemispherical bowl, radius a, prove that the whole pres- 
sure is the same as if the fluid were uniform and of density 
equal to that at a depth ^ a. 

4. The interior of a port wine glass is in the form of a 
paraboloid of revolution whose height is equal to its latus 
rectum. If the glass be filled with homogeneous liquid, shew 
that the whole pressure on the glass is to the weight of the 
liquid as 

25^5-11 : 30. 

5. Two buckets containing water, the mass of each 
bucket with the contained water being M, balance each other 
over a smooth pulley. Two pieces of wood of masses m, m\ 
and specific gravities <r, a are then tied to the bottoms of the 
buckets so as to be wholly immersed, prove that the tension 
of the string attached to the mass m is 

* 2m(M+m')g /I _ \ 
2if4-m+m' [a )' 
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6. A quantity of elastic fluid whose particles attract 
one another according to the law of nature fills a sphere 

in whose centre resides a central force - . The radius of the 

P 

sphere is c and the mass of fluid (2/e-'fi)c, where /c= -. 

P 
Shew that the conditions of equilibrium are satisfied if p x 

inyersely as r^ 

7. A sphere (radius c) is just filled with water, and 
rotates about a vertical axis with angular velocity cd, such 
that 3cft>* = 2g ; prove that the pressure in the surface of 
equal pressure which cuts the sphere at right angles is 
Sgpc -T" 4, p being the density of water. 

8. A small quantity of fluid is spread over the surface of 
a material prolate spheroid. Shew that the free surface of 
the fluid is also a spheroid, and that the depth of the fluid at 
the equator is to the depth at the pole as the major axis of 
the spheroid to the minor. 

9. A spherical shell, whose interior radius is a, is filled 
with liquid of uniform density p, and revolves with uniform 
angular velocity o) about the vertical diameter of the shell ; 
shew that, if the total normal pressure on the upper half of the 
shell be to that on the lower half as m : n, the pressure at 
the highest point of the liquid is 

f 3m — n ga w^a'^ 
^ [n-m "2 " T 

10. A hollow sphere, filled with equal quantities of two 
liquids which do not mix, revolves uniformly about its vertical 
diameter, and the liquid particles are relatively at rest. Find 
the angular velocity when the lighter liquid just touches the 
lowest point in the surface of the sphere. 

11. A hollow cylinder is filled with water and made to 
revolve about a vertical axis attached to the centre of its 
upper plane face with a velocity sufficient to retain it at the 
same inclination to the axis. Find at what point of the 
surface a hole might be bored without loss of fluid. 

]4— 2 
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12. A mass of liquid is contained between three co- 
ordinate planes, each of which attracts with a force varying 
as the distance, and the absolute forces of attraction fi, fi\ yi' 
are in harmonic progression. Half an ellipsoid is fixed with 
its plane face against one of the co-ordinate planes, and its 
surface touching the other planes, its axis being parallel to 
the co-ordinate axes and proportional to 

111 

Vm' V/' V/" 

If there be not sufficient fluid quite to cover the ellipsoid, 
the uncovered part will be bounded by a circle. 

13. A mass of liquid is subject to the mutual gravitation 
of its particles, and to a repulsive force tending from a plane 
through its centre of gravity and varying as the perpendicular 
distanpe from that plane ; shew that the conditions of 
equilibrium will be satisfied if the surface be a prolate 
spheroid of a certain ellipticity, provided the repulsive force 
be not too great. 

14. A right cylindrical vessel on a plane base contains a 
certain quantity of gas, which is confined within it by a disc 
exactly similar and parallel to the base; shew that the 
pressure on the curved surface of the cylinder is independent 
of the position of the disc. 

15. A cup floats upright in oil, and is ballasted with 
water: find its form and sketch it, when the difierence of 
level of the two liquid surfaces is the same for all degrees of 
immersion. 

16. If a liquid be inclosed in a vessel of any form and 
be allowed to run into another vessel of different form, and if 
j) be the pressure at Xy y, Zy in either of the vessels referred 
to rectangular co-ordinates independent of them, the diflference 
between the two values oi jjjpdxdydz differs from the work 
done by the liquid in running from the upper to the lower 
vessel by the work required to bring the surface of the fluid 
in the lower vessel to the same horizontal plane with the 
original surface in the upper. 
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17. A vessel in the form of a hemisphere with a plane 
lid is held with the lid vertical. Prove that the resultant 
pressure on the curved surface acts along a radius inclined at 
an angle tan"* f to the vertical. If now the hemisphere and 
fluid be made to rotate about the vertical diameter with 
uniform angular velocity eo, shew that the resultant pressure 
due to the rotation only on the curved surface is three times 
as great as the resultant pressure due to the rotation only on 
the plane surface, and that the whole resultant pressure on 
the curved surface now acts along a radius inclined to the 
vertical at an angle 

tan ^. 2^ 

18. A vessel in the shape of a paraboloid of revolution 
contains some fluid which is rotating about the vertical 
axis of the paraboloid. Find the angular velocity when the 

fluid begins to spill, and shew that, if this is a/t , the vessel 
must have been half full of fluid. 

If the paraboloid be not of revolution but of the form 

9 2 

« = y + y , the axis of z being vertical, and if z^y z^ be the 

greatest and least heights of the curve in which the surface 
of the fluid meets the vessel, prove that 

where c is the distance between the vertices of the two 
paraboloids. 

19. A hollow vessel in the form of an anchor ring, just 
filled with water, spins uniformly round the vertical axis of 
generation, the whole moving as a solid ring. Find the 
whole pressure on the internal surface. 

20. A cylindrical diving-bell is suspended with its axis 
vertical at a depth such that the water rises half-way up the 
bell : find the least distance of the centre of gravity of the 
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bell from the centre of its upper surface, consistent with the 
condition that the equilibrium may be stable with reference 
to an angular displacement of the axis. 

21. A cylinder makes vertical oscillations in a liquid 
contained in another cylinder, the radius of which is n times 
that of the former ; shew that the depth of the axis immersed 
when in a position of rest is gM h- tt' (n — 1) where t is the 
time of an oscillation. 

22. A vessel in the form of a paraboloid with its axis 
vertical, contains a quantity of liquid equal in volume to that 
of a segment of a. paraboloid, of the same latus rectum, 
floating in it : if this be raised till its vertex is just in the 
surface, and if it then sink to a depth equal to f of its axis 
before returning, shew that the density of the liquid : that of 
the paraboloid :: 48 : 7. 

23. A closed cylindrical vessel one foot in height is half 
full of water, the other half being occupied by atmospheric 
air ; if two small apertures be maae, one at the base of the 
cylinder and the other five inches above it, shew that the 
density of the air in the vessel will decrease until it is 

(1 — -^ j times its original value approximately, and then 

increases again, h being the height of a water-barometer in feet. 

24. Incompressible fluid is at rest under the action of 
forces 

fix fiy fiz 

respectively parallel to the axes, and a particle, the density 
of which is less than that of the fluid, is placed anywhere in, 
the surface 

prove that, neglecting the resistance, the velocity of the 
particle when crossing the surface defined by the quantity 
m' varies as 



I 
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25. If the particles of a mass of liquid rotating uniformly 
about a fixed axis, attract one another according to such a 
law that the surfaces of equal pressure are similar coaxial 
oblate spheroids; prove that the resultant attraction of a 
spheroid, the particles of which attract according to the 
same law, is the resultant of two forces perpendicular to the 
equator and the axis of revolution respectively, and varying 
as the distance of the attracted point from them. 

26. An elastic spherical envelope is in equilibrium when 
it contains air at twice the atmospheric density, and its 

radius is twice the natural size ; if the barometer fall - th of 

n 

an inch, find the time of a small oscillation in the magnitude 

of the envelope. 

27. A right cone rests in a vessel containing equal 
depths of two given fluids, with its vertex fastened to 
the bottom and its axis vertical. Find the condition for 
stable equilibrium. 

28. A straight uniform rod consisting of matter attract- 
ing as (dist.)"^ is surrounded by fluid at rest subject to its 
attraction only; shew that the differential equation to the 
meridian sections of the surfaces of equal pressure can be put 
in the form 

r, r' being the distances of the point wy from the ends of the 
rod, and -^ the angle subtended by the rod at that point. 

29. If a, yS, 7, 8 be the depths of the comers of a 
quadrilateral area which is wholly immersed in liquid, 
and h the depth of its centre of gravity, the depth of its centre 
of pressure is 

i(a + ^ + 7 + S)"-^(/37 + 72 + a^ + aS + /SS + 7S). 

30. A rigid spherical envelope of radius a is filled with 
elastic fluid of mass M which is acted on by a repulsive 
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force =/t (dist.)' from a point in the surface of the envelope : 
shew that the total normal pressure on the envelope is 



/:(•""-) 



dx 



31. A portion of a paraboloid, latus rectum 4a, is cut off 
by a plane perpendicular to the axis at a distance 3a from 
the vertex ; if the vertex of the paraboloid be fixed at a 

depth ~- a beneath the surface, of a liquid, shew that it will 

rest with the focus in the surface if the ratio of the density of 
the liquid to that of the solid be 729 : 232. 

32. An embankment of triangular section ABC supports 
the pressure of water on the side BG : find the condition of 
its not being overturned about the angle A when the water 
reaches to jB, the vertex of the triangle : and shew that, when 
the area of the triangle is reduced to the minimum consistent 
with stability for a given depth of water, 

tan (3 = ~ — jr , 

3 — 5 

s — 1 

where 8 is the specific gravity of the embankment. 

33. A mass (if) of fluid, in which the density at any 
point is the sum of a given constant quantity and a quantity 
bearing a given constant ratio to the pressure at that point, 
revolves about a fixed axis with a given constant angular 
velocity, and is attracted to a point in that axis by a given 
force which varies as the distance : find the form of the free 
surface ; and shew that its least semi-diameter (6) is deter- 
mined by the equation, 

Jf=w e '' x^dx, 

J 

when m and c are given constants. 
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' 34. A centre of force, repelling inversely as the square 
of the distance, lies below the surface of a homogeneous 
inelastic fluid, which is also acted on by gravity and is at 
rest : the intensity of the force, at a point in the surface of 
the fluid vertically above its centre, is equal to that of 
gravity : prove that the external surface of the fluid has a 
horizontal asymptotic plane, and that the centre of force is 
environed by an internal cavity, the summit of which is at the 
external surface of the fluid. 



-^ 



Find the volume of the cavity in terms of its length. 



35. A right prism on a square base has another prism, 
also on a square base, attached to it, so that their axes are 
coincident and sides parallel, and the whole floats on a fluid 
with their common plane in the plane of floatation. If the 
sides of the bases of the two prisms are in the ratio 2 : 1, 
find their limiting heights in order that the equilibrium 
may be stable. 

36. A heavy cube is moveable about an axis, which 
passes through, and bisects, the opposite sides of one face ; 
this axis being fixed horizontally within an empty vessel, so 
that the cube is suspended in the position of equilibrium, 
find the depth to which fluid must be poured in, so as to 
render the equilibrium unstable, and the greatest ratio of the 
densities of the cube and fluid, that this may be possible. 

Supposing the cube half immersed and the equilibrium 
stable, find the time of a small oscillation. 

37. A cylinder whose axis is vertical is floating in a fluid 
in which the density at any point varies as the ri^ power of 
the depth ; the cylinder is depressed till its upper end just 
coincides with the surface of the fluid, and on being let go 
it rises just out of the fluid ; shew that, when the cylinder 
was floating, the depth immersed was to the height of the 

cylinder as 1 to (n + 2) 



1 

n+l 



38. A spherical homogeneous solid earth, supposed to 
be fixed, is surrounded by a shallow sea, which is attracted 
by a distant fixed body ; prove that, neglecting the attraction 

A I 
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of water on itself, tKe surface of the sea will remain spherical, 
but that its centre will deviate from the centre of the earth 
by a distance amounting to the same fraction of its radius 
that the attraction of the disturbing body is of the attraction 
of the earth on an element of the liquid. 

39. If the earth be supposed spherical and covered with 
an ocean of small depth, and if the attraction of the particles 
of water on each other be omitted, the ellipticity of the ocean 
spheroid will be given by the equation, 

__ centrifugal force at the equator 
force of gravity at the earth's surface * 

40. An isosceles triangular lamina, of which the sides 
ABy AC are equal, floats with the angular point downwards 
in a liquid of which the density varies as the depth : if AD 
be perpendicular to BC, prove that if the lamina can float 
with the line AD inclined at an angle to the vertical, is 
given by the equation, 

81<7 sin® = 64/> cos' a (sin* — sin* of, 

where 22 is the angle BAC, <t is the density of the lamina, 
and p is the density of the liquid at a depth equal to AB or 
-AC. 

41. A solid of revolution floats with its axis vertical, and 
is sunk to different depths by placing weights at a fixed 
point of its axis. Find the form when the equilibrium is 
alwavs neutral. 

42. If a body float at rest, shew that for any displace- 
ment, consistent with the condition that the weight of the 
fluid displaced be equal to that of the float, the difference of 
the distances of the centres of gravity of the float and of the 
fluid displaced below the surface of the fluid will, in general, 
be a maximum or minimum according as the equilibrium is 
unstable or stable. 

Moreover if Z be this difference, and the body be symme- 
trical with respect to a vertical plane, perpendicular to the 
line about which the displacement aforesaid is made, and 6 
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be the inclination of any fixed line in the body and in that 
plane to the vertical, the time of a small oscillation will be 

that of a simple pendulum of which the length is -j™,, where 

k is the radius of gyration about a line through the centre of 
gravity parallel to the axis of displacement. 

Mention any conditions which limit the generality of 
these theorems. 

43. An ellipsoid floats with the least axis (2c) vertical 
in a fluid of twice its density^ and makes small oscillations in 
a vertical plane about a point in the major axis (2a) which is 
fixed. Shew that the period is 

/8 C OK' + d^T^ 

where /c is the central distance of the fixed point. 

44. A pneumatic railway carriage can move freely with- 
out friction in a tunnel which it exactly fits. It is placed at 
rest at one end, and an engine begins to exhaust the air at 
the other, pumping out equal volumes in equal times. 

Shew that at time t the distance of the carriage from the 
end to which it is travelling is determined by an equation of 
the form 

^ -jia + 6 ^ H- w (a? + of ) = na. 

45. A solid of revolution possesses this property. .A 
portion being cut off by a plane perpendicular to its axis and 
immersed vertex downwards in a liquid and then displaced 
through a small angle, the moment tending to restore equili- 
brium is independent of the amount cut off. Shew that, if 
y ^f{x) be the generating curve, to determine /we have 

[/(^)]' = P [1 + {/' ip) Y +/(^)/" (^)] [/{^ +/(«')/' (^)}]'. 

p being the density of the solid compared with the fluid. 
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46. If a given quantity of homogeneous matter be formed 
into a paraboloid of revolution and allowed to float in water 
with the vertex downwards, the square of the distance of the 
centre of gravity from the plane of floatation will be inversely 
proportional to the latus rectum. 

47. A body, floating in a fluid, is turned through a small 
angle 0^ round a principal axis at the centre of gravity of the 
plane of floatation ; shew that the work done to produce the 
displacement is \ gp6P {A¥ — V. HO). 

From a solid hemisphere, of radius r, a portion in the 
shape of a right cylinder, of height h, coaxial with the hemi- 
sphere and having the centre of its base at the centre of the 
hemisphere, is removed. Into this portion is fitted a thin 
tube which exactly fits it. The solid is placed with its vertex 
downwards in a fluid, and a fluid, of density p, is poured into 
the tube. Find how much must be poured in, in order that 
the equilibrium may be neutral ; and if the tube be filled to 
a height 2h, shew that 

s 6* ' 

8 being the density of the solid. 

48. A solid body is floating in a liquid of variable den- 
sity and its position is slightly changed so that the mass of 
liquid displaced remains unaltered. lif{z) be the density at 
a depth Zy and (a?, y, z) the coordinates of any point in the 
immersed surface of the body, referred to the surface as the 
plane xy, prove that the point in the plane of floatation about 
which the body turns is the centre of gravity of that plane 
treated as a lamina, the density of which at the point (a?, y) 
iB/iz). 

49. A cup whose outside surface is a paraboloid of revo- 
lution of latus rectum I, and whose thickness measured 
horizontally is the same at every point and very small 
compared with Z, has a circular rim at a height h above the 
vertex, and rests on the highest point of a sphere of radius r. 
If water be now poured in until its surface cuts the axis 
of the cup at a distance ^A from the vertex, and if the 



MISCELLANEOUS EXAMPLES. 221 

weight of water be four times that of the cup, shew that the 
equilibrium will be stable, if 

h r-ll 

60. An isosceles triangular lamina ACB is at rest with 
its plane vertical, and its vertex G fixed at a depth c below 
the surface of a liquid, the density of which varies as the 
depth. If the density of the lamina be the same as that of 
the liquid at the depth d, and if ^ be the angle which the 
altitude h of the triangle makes with the vertical, prove that 

Sdh^ cos' + a, cos* ^ — a = 3c* cos* a . cos 0, 
the angle A CB being 2a. 

61. If a solid of revolution be immersed in a heavy 
homogeneous fluid with its axis vertical, prove that, when 
the total normal pressure on the surface is a minimum, its 
form must be such that the numerical value of the diameter 
of curvature of the meridian at any point is a harmonic mean 
between the segments of the normal to the surface at that 
point intercepted between the point and the surface of the 
fluid and between the point and the axis, respectively. 

62. A hollow cylinder of height 2A and radius c with 
both ends closed contains water, and is placed with the 
centre of its base in contact with the highest point of a rough 
sphere of radius r ; the weight of the water is equal to that 
of the cylinder, shew that the equilibrium will be stable if 
the 'water occupy a length of the cylinder which lies between 
the roots of 

2a;'-4(2r-/t)aj + c' = 0. 

63. A parabolic lamina, bounded by a double ordinate 

perpendicular to the axis, floats in a liquid with its focus in 

/7 
the surface and its axis inclined at an angle tan"' -^ to the 

vertical ; prove that the density of the liquid is to that of the 
lamina as 216 : 121, and that the length of the bounding 
ordinate is three times the latus rectum. 
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54. A weightless shell in the form of a paraboloid of 
revolution rests in a similar shell, the parameter of which is 
double that of the former, and contains fluid whose density 
varies as (depth)*. Find the depth of the fluid in order that 
the equilibrium may be neutral. 

55. A conical vessel of height h, vertex downwards, is 
filled with liquid the density of which is "kXy x being the 
depth. This is poured into another vessel in the form of a 
surface of revolution, and it is found that the new density is 
fia?. Prove that the form of the vessel is given by the 

. equation, 



y+...|?,(l-S^)-.^.,. 



56. An indefinitely small piece of ice, the shape of 
which may be taken to be that of a right circular cylinder, is 
floating with its axis vertical in water. The part immersed 
receives deposits of ice in such a manner as to continue 
cylindrical, the radius and axis receiving equal increments in 
equal times. Find the ultimate shape of the part not 
immersed. 

If the specific gravity of ice be "96, prove that the surface 
is formed by the revolution of y* (9a? — y)^ = a^. 

57. A solid in the form of a paraboloid of revolution 
floats with its axis vertical ; if the centre of gravity coincide 
with the metacentre, prove that the equilibrium is stable. 

58. If when the barometer stands at 30 inches, the 
specific gravity of mercury being 13*596 referred to water, of 
which a cubic inch weighs 252*77 grains, a cubic yard of 
atmospheric air is compressed into a vessel containing a cubic 
foot, find approximately the numerical measure of the energy 
stored up therein. 

59. The expansions of water and glass are given by the 
formulae 

F,= F,{l+a(^-4y},and F,= F,(l + 5aO, 

where t is the temperature centigrade. If a water thermo- 



MISCELLANEOUS EXAMPLES. 223 

meter be constructed and graduated in the same way as the 
common mercurial thermometer, prove that except at the freez- 
ing and boiling points it will always give too low a reading ; 
that that reading will be negative from 0** to a little over 13" ; 
and that the error will be a maximum when 5a^ + 2i = 100. 

60. A quantity of air, whose density is p and pressure p, 
is enclosed in a spherical vessel. Shew that if a centre of 
force fiD^ be placed at the centre of the sphere the density at 
a distance r from the centre will be 

8 
( «+4 Nn+l MP „+i 



( 



n+1 




3 \\p{n-^l)\ 



the intensity of the force being supposed so great that the 
density of the air in contact with the vessel may be 
neglected. 

61. The pressure and density of the atmosphere at the 
earth's surface being p^^ p^ and the temperature at higher 
points varying inversely as the n\h power of the distance from 
the centre of the earth; prove that the pressure at a 
distance r from the earth's centre is 



9ffi 



where a is the radius of the earth. 

If 71 = 1, shew that a spherical balloon of material equally 
^ extensible in all directions will have its volume greatest 
when r is given by the equation 

, -.a" 2\ 
i>o(^-l)^= — 

when m = ^^ , \ is the modulus of elasticity, and c is the 

unstretched radius of the balloon, it being just filled and 
unstretched when it leaves the ground. 
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62. A balloon is at a certain moment at a height h^ 
descending with velocity F, and moving horizontally with a 
velocity V equal to the velocity of the wind at that height. 
If the velocity of the wind *be proportional to the height, and 
if with a view to descending at a particular spot, the escape 
of the gas be regulated so as to keep the velocity of descent 
constant, prove that a miscalculation dh in the initial height 
will produce in the point reached an error, 



c' 



l^{l + ic*-e~*(l + c)}, where c = ^ 



63. Prove that the work done during the (w + 1)*** stroke 
of a Smeaton's air pump, supposing the expansion to be 
isothermal, is equal to 

64. The condensation being isothermal, find the work 
done during the n^^ stroke of a condenser. 

65. A solid is composed of two cubes, symmetrically 
joined together, but of different material and size. It floats 
with the common plane in the surface of a fluid. Find the 
condition of stability. 

66. A small spherical cavity (radius = R) in an attracting 
mass is filled with a homogeneous incompressible fluid, and 
the attraction at the centre of the sphere is evanescent : 
prove that the fluid pressure at the centre cannot be less 
than — I pcB^y and the total pressure on the surface of the 
cavity not less than - (c + 1 irp) 27rpR\ where p is the 
density of the fluid, and, U denoting the potential of the 

attracting mass, c is the least algebraical value of -y-^ at the 

centre for an element ds drawn in any direction from the 
centre, 

67. A soap-bubble of uniform thickness is filled with a 
gas of such density that the weight of the whole is that of 
the air displaced; find the form of the bubble, which is 
supposed to differ but little from a sphere. 
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68. A slender fluid ring revolves uniformly round a 
centre of force situated at its centre, the force varying 
inversely as the square of the distance ; find approximately 
the form of a section of the ring. 

69. A vessel of given capacity, in the form of a surface 
of revolution with two circular ends, is just filled with 
inelastic fluid which revolves about the axis of the vessel, 
and is supposed to be free from the action of gravity : in- 
vestigate the form of the vessel that the whole pressure 
which the fluid exerts upon it may be the least possible, the 
magnitudes of the circular ends being given. 

Shew that, for a certain relation between the radii of the 
circular ends, the generating curve of the surface is the 
conimon catenary. 

70. Employ the principle of energy to find the equation 
of the Lintearia. 

71. Prove that the equation, 

€'(€*+0 = e^ + e"*» 

represent a possible form of a liquid film, the pressure on 
both sides being the same. (Catalan,) 

72. • A cylindrical vessel, the cross section of which is 
formed of two cycloidal arqs with the ends fitting together, 
has an excess of air pressure inside ; investigate the stresses 
along any generating line. 

73. If the particles of a spherical aoap-bubble, of radius 
r and tension t, repel each other according to the law of the 
inverse square of the distance, aud if V be the potential, 
prove that F* = 167rr^. 

74. Into a spherical brass shell, of radius a, water is 
forced until the radius of the shell is found to expand to r. 
Having given that the coeflScient of elasticity of the shell for 
stretching is /tt, and that the compressibility of water is X ; 
shew that the quantity of water in the shell is 



i'^P 



ar* 



ar — 2\fi (r — a) 
where p is the density of uncompressed water. 

B. H. 15 
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In the previous question you are given as 4, rs=5 
centims. : and the following data :— 

The compression of water for 1 atmos. (1 megadyne per 
sq. cm.) = 10"* X '5 ; thickness of shell = '5 mm., and a brass 
wire of 1 sq. mm. section requires a force of 9000 megadynes 
to double its lengthy if its elasticity remain constant. 
Determine the meaaurea in c.o.s. units of the quantities 
involvedy and thence shew that the mass of water in the 
sphere » 53& grama, approximately. 

75. A soap-bubble of uniform thickness is filled with a 
gas of such density that the weight of the whole is equal to 
that of the air displaced ; find the form of the bubble, which 
is supposed to differ but little from a sphere. 

76. A soap-bubble extends from fixed boundaries, so as 
with them to form a closed space whose volume is v^^ and 
contains a gas at pressure p^ and absolute temperature 0^. 
The temperature of the gas is gradually raised. If A be the 
area of the film when the temperature is 0, and pressure p, 
shew that 

where t is the sutlkce^tension supposed constant, and the 
external pressure is neglected. 

Find the relatfen between p and in the case of 
a spherical soap->-bubble, and in this case integrate the above. 

77. Two equal circular discs of radius a are placed with 
their planes perpendicular to the line which joins their cen- 
tres, and their edges are connected by a soap film which 
encloses a mass of air that would be just sufficient in the 
same atmosphere to fiU. a spherical soap-bubble of radius c. 
If the film be cylindrical when the distance between the 
discs is 6, prove that iu order that it may become s{^erical 
the distance between the discs must be lessened to 2z where 

z (3a» + 2^) jsc' - Zah + ^"^^f^^T - = 6a6c* (2a - c). 
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78. A hemispherical bubble in floating on water. As- 
suming that its radius is such that the ratio of the difference 
of the internal and external pressures to the external pressure 
is a small quantity whose square may be neglected, find the 
form of the water surface inside the bubble^ and shew that 
its greatest depression below the external water surface is 



rr-^i 



where r is the radius of the bubble and a? the ratio of the 
surface energy for air and water per unit area to the weight 
of unit volume of water. {Mr Bumside.} 

7d. Giffard's freezing machine consists of two cylinders, 
the pistons of which work on to two cranks on the same 
shaft, driven by an external source of power, and of a large 
air reservoir which is always maintained at the temperature 
of the external air. In the first cylinder air is compressed 
till its pressure is the same as in the reservoir, when valves 
open and the air passes, as the stroke is completed, into the 
reservoir. The second and smaller cylinder acts as an engine 
receiving compressed air from the reservoir for such a portion 
of the stroke that being expanded for the remainder of the 
stroke it is discba^ed at atmospheric pressure, but at a lower 
temperature. If r ^ and F be the volumes of the cylinders, 
and if the compression ana expansion be supposed adiabatic, 
prove that the work done during each stroke in the first 

cylinder is 11 F^ _.. . -K^ — -, and in the second cylinder 

is 11— £-=-(Fj— Fj), n being the atmospheric pressure. 
(Dr Hophinson) 

80. A mass of liquid^ in the form of an oblate spheroid, 
rotates uniformly about its axis ; if the normal at any point 
P of the surface meet the axis in (?, prove that the resulting 
attraction at g varies as PO. 

If 6, the ellipticity, be supposed small, prove that, to a 
first appro^simation^ ««>* =^ii 't/oc. 
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If, in the case when the eccentricity is very small, the 
mass be contracting slowly and uniformly and be so viscous 
that it takes up its positions of relative equilibrium instan- 
taneously, prove that the ellipticity will vary as the cube 
root of the density. 

81. If the Earth be completely covered by a sea of small 
depth, prove that the depth in latitude I is very nearly equal 
to H{1 — esin" I), where -ffis the depth at the equator, and e 
the ellipticity of the Earth. 

82. A mass (M) of homogeneous liquid revolves in rela- 
tive equilibrium about a fixed axis with a uniform angular 
velocity such that the ellipticity (e) of its surface is small. 
If the part fiM of the mass were collected into an infinitely 
dense material point at the centre, and the density of the 
remaining part (1— /i)Jlf were diminished in the ratio of 
I "fi to 1, find what would be the ellipticity of the new 
surface of equilibrium, supposing the time of rotation to be 
the same as before. 

83. A solid ellipsoid of uniform density being supposed 
to revolve round its least axis of figure, and to carry with it 
a surrounding envelope of homogeneous liquid of dijBFerent 
density, the entire mass attracting according to the law of 
nature, it is required to find the conditions requisite for the 
permanent assumption of the ellipsoidal form by the iBree 
surface. (Prof. Townsend. Math, of Ed. Times, Vol. xxxv.) 
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